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Preface to the Second Edition

This volume is a completely new version of the book under the same title, which
appeared in 1981 as Volume 9 in the series “Progress in Mathematics,” and which has
been out of print for some time. That book had its origin in notes (taken by Hassan
Azad) from a course on the theory of linear algebraic groups, given at the University
of Notre Dame in the fall of 1978. The aim of the book was to present the theory of
linear algebraic groups over an algebraically closed field, including the basic results
on reductive groups. A distinguishing feature was a self-contained treatment of the
prerequisites from algebraic geometry and commutative algebra.

The present book has a wider scope. Its aim is to treat the theory of linear algebraic
groups over arbitrary fields, which are not necessarily algebraically closed. Again, I
have tried to keep the treatment of prerequisites self-contained.

While the material of the first ten chapters covers the contents of the old book, the
arrangement is somewhat different and there are additions, such as the basic facts about
algebraic varieties and algebraic groups over a ground field, as well as an elementary
treatment of Tannaka’s theorem in Chapter 2. Errors — mathematical and typograph-
ical — have been corrected, without (hopefully) the introduction of new errors. These
chapters can serve as a text for an introductory course on linear algebraic groups.

The last seven chapters are new. They deal with algebraic groups over arbitrary
fields. Some of the material has not been dealt with before in other texts, such as
Rosenlicht’s results about solvable groups in Chapter 14, the theorem of Borel of Tits
on the conjugacy over the ground field of maximal split torus in an arbitrary linear al-
gebraic group in Chapter 15 and the Tits classification of simple groups over a ground
field in Chapter 17.

The prerequisites from algebraic geometry are dealt with in Chapter 11.

I am grateful to many people for comments and assistance: P. Hewitt and Zhe-Xian
Wang sent me several years ago lists of corrections of the second printing of the old
book, which were useful in preparing the new version. A. Broer, Konstanze Rietsch
and W. Soergel communicated lists of comments on the first part of the present book
and K. Bongartz, J. C. Jantzen. F. Knop and W. van der Kallen commented on points of
detail. The latter also provided me with pictures, and W. Casselman provided Dynkin
and Tits diagrams. A de Meijer gave frequent help in coping with the mysteries of
computers.

Lastly. I thank Birkhduser — personified by Ann Kostant— for the help (and pa-
tience) with the preparation of this second edition.

T. A. Springer






Chapter 1

Some Algebraic Geometry

This preparatory chapter discusses basic results from algebraic geometry, needed to
deal with the elementary theory of algebraic groups. More algebraic geometry will
appear as we go along. More delicate results involving ground fields are deferred to
Chapter 11.

1.1. The Zariski topology

1.1.1. Let k be an algebraically closed field and put V = k". The elements of the
polynomial algebra § = k[T,..., T,] (abbreviated to k[T]) can be viewed as k-
valued functions on V. We say that v € V is a zero of f € k[T] if f(v) = 0 and that
v is a zero of an ideal I of S if f(v) = 0forall f € I. We denote by V(I) the set of
zeros of the ideal I. If X is any subset of V, let Z(X) C S be the ideal of the f € S
with f(v) =0forallv € X.

Recall that the radical or nilradical /I of the ideal I (see [JacS, p. 392]) is the
ideal of the f € S with f* € I for some integer n > 1. A radical ideal is one that
coincides with its radical. It is obvious that all Z(X) are radical ideals.

We shall need Hilbert’s Nullstellensatz in two equivalent formulations.

1.1.2. Propesition. (i) If I is a proper ideal in S then V(I) # @;
(ii) For any ideal I of S we have Z(V (1)) = ./I.

For a proof see for example [La2, Ch. X, §2] . The proposition can also be de-
duced from the results of 1.9 (see Exercise 1.9.6 (2)).

1.1.3. Zariski topology on V. The function I — V(I) on ideals has the follow-
ing properties:
@ V({0}) =V, V() =9;
®IfI c JthenV({J) C V),
©vunlJ)y=vI)uvdJ),
@) If (Iy)aca is a family of ideals and I =
naGA V(Ia )

The proof of these properties is left to the reader (Hint: for (c) use that I.J C
I N J). It follows from (a), (c) and (d) that there is a topology on V whose closed
subsets are the V(I), I running through the ideals of S. This is the Zariski topology.
The induced topology on a subset X of V is the Zariski topology of V. A closed set
in V is called an algebraic set.

wea lo U5 their sum, then V(I) =

1.1.4. Exercises. (1) Let V = k. The proper algebraic sets are the finite ones.
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(2) The Zariski closure of X C V is V(Z(X)).

(3) The map Z defines an order reversing bijection of the family of Zariski closed
subsets of V onto the family of radical ideals of S. Its inverse is V.

(4) The Euclidean topology on C” is finer than the Zariski topology.

1.1.5. Proposition. Let X C V be an algebraic set.

(i) The Zariski topology of X is Ty, i.e., points are closed;

(ii) Any family of closed subsets of X contains a minimal one,

(iii) If X1 D X, D ... is a descending sequence of closed subsets of X, there is an h
such that X; = Xy fori > h;

(iv) Any open covering of X has a finite subcovering.

If x = (x,...,x,) € X then x is the unique zero of the ideal of S generated by
Ty — x1,..., T, — x,. This implies (i). (ii) and (iii) follow from the fact that § is a
Noetherian ring [La2, Ch. VI, §1], using 1.1.4 (3).

To establish assertion (iv) we formulate it in terms of closed sets. We then have to
show: if (I)qea is a family of ideals such that (), , V(Iy) = &, there is a finite subset
B of A such that (), ; V() = 8. Using properties (a), (d) of 1.1.3 and 1.1.4 (3) we
see that ) ., I, = S. There are finitely many of the Iy, say Ii, ... , I, such that 1
lies in their sum. It follows that I;+...4+1, = S, which implies that ﬂf;l V;) =0.0

A topological space X with the property (ii) is called noetherian. Notice that (ii)
and (iii) are equivalent properties (compare the corresponding properties in noetherian
rings, cf. [La2, p. 142]. X is quasi-compact if it has the property of (iv).

1.1.6. Exercise. A closed subset of a noetherian space is noetherian for the induced
topology.

1.2. Irreducibility of topological spaces

1.2.1. A topological space X (assumed to be non-empty) is reducible if it is the
union of two proper closed subsets. Otherwise X is irreducible. A subset A C X is
irreducible if it is irreducible for the induced topology. Notice that X is irreducible if
and only if any two non-empty open subsets of X have a non-empty intersection.

1.2.2. Exercise. An irreducible Hausdorff space is reduced to a point.
1.2.3. Lemma. Let X be a topological space.
(i) A C X is irreducible if and only if its closure A is irreducible;

(ii) Let f : X — Y be a continuous map to a topological space Y. If X is irreducible
then so is the image fX.

Let A be irreducible. If A is the union of two closed subsets A; and A, then A is
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the union of the closed subsets A N A; and A N A,. Because of the irreducibility of
A, wehave (say) ANA; = A,and A C Aj, A C Aj;. So A is irreducible.
Conversely, assume this to be the case. If A is the union of two closed subsets
AN By, AN B,, where By, B, are closed in X, then A C B; U B,. It follows that
AN B, = A, whence A N B; = A. The irreducibility of A follows.
The proof of (ii) is easy and can be omitted. a

1.2.4. Proposition. Let X be a noetherian topological space. Then X has finitely
many maximal irreducible subsets. These are closed and cover X.

It is clear from 1.2.3 (i) that maximal irreducible subsets of X are closed.

Next we claim that X is a union of finitely many irreducible closed subsets. As-
sume this to be false. Then the noetherian property 1.1.5 (ii) and 1.1.6 imply that
there is a minimal non-empty closed subset A of X which is not a finite union of irre-
ducible closed subsets. But A must be reducible, so it is a union of two proper closed
subsets. Because of the minimality of A these have the property in question, and a
contradiction emerges. This establishes the claim.

Let X = X, U...U X, where the X; are irreducible and closed. We may as-
sume that there are no inclusions among them. If Y is an irreducible subset of X then
Y = NX;)U..U( N X;) and by the definition of irreducibility we must have
Y C X; for some i, i.e., any irreducible subset of X is contained in one of the X;.
This implies that the X; are the maximal irreducible subsets of X. The proposition
follows. a

The maximal irreducible subsets of X are called the (irreducible) components of
X.

We now return to the Zariski topology on V = k".

1.2.5. Proposition. A closed subset X of V is irreducible if and only if T(X) is a
prime ideal.

Let X be irreducible and let f, g € S be such that fg € Z(X). Then
X = (X NV(£S) U (X NV(gS))

and the irreducibility of X implies that (say) X C V(fS), which means that f €
Z(X). It follows that Z(X) is a prime ideal.

Conversely, assume this to be the case and let X = V(I;) U V(L) = V(I; N L).
If X # V(I)), then there is f € I, with f € Z(X). Since fg € I(X) forall g € I,
it follows from the primeness of Z(X) that I, C Z(X), whence X = V(I;). So X is
irreducible. O

1.2.6. Exercises. (1) Let X be a noetherian space. The components of X are its
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maximal irreducible closed subsets.
(2) Any radical ideal I of S is an intersection I = Py N ... N P; of prime ideals. If
there are no inclusions among them, they are uniquely determined, up to order.

1.2.7. Recall that a topological space is connected if it is not the union of two disjoint
proper closed subsets. An irreducible space is connected. The following exercises
give some results on connectedness and the relation with the notion of irreducibility.

1.2.8. Exercises. (1) (a) A noetherian space X is a disjoint union of finitely many

connected closed subsets, its connected components. They are uniquely determined.
(b) A connected component of X is a union of irreducible components.

(2) A closed subset X of V = k" is not connected if and only if there are two ideals

L,LhinSwithl) + 15, =S8,1,N I, =I(X).

(3) Let X = {(x,y) € k* | xy = 0}. Then X is a closed subset of k? which is con-

nected but not irreducible.

1.3. Affine algebras

1.3.1. We now turn to more intrinsic descriptions of algebraic sets. Let X C V be one.
The restriction to X of the polynomial functions of S form a k-algebra isomorphic to
S/Z(X), which we denote by k[X]. This algebra has the following properties:

(a) k[X] is a k-algebra of finite type, i.e., there is a finite subset { fi, ... , f,} of k[X]
such that k[ X] = k[ fi, ..., fr];

(b) k[X] is reduced, i.e., O is the only nilpotent element of k[ X].

A k-algebra with these two properties is called an affine k-algebra. If A is an
affine k-algebra, then there is an algebraic subset X of some k" such that A ~ k[X].
For A ~ k[T, ..., T,]/1, where [ is the kernel of the homomorphism sending the T;
to the generator f; of A (as in (a)), then A is reduced if and only if / is a radical ideal.
We call k[ X] the affine algebra of X .

1.3.2. We next show that the algebraic set X and its Zariski topology are determined
by the algebra k[ X].

If I is an ideal in k[X] let Vx(I) be the set of the x € X with f(x) = O for all
f e l.IfY is asubset of X let Zx (Y) be the ideal in k[ X] of the f such that f(y) =0
forall y € Y. If A is any affine algebra, let Max(A) be the set of its maximal ideals. If
X is as before and x € X, then M, = Zx({x}) is a maximal ideal (because k[X]/M,
is isomorphic to the field k).

1.3.3. Proposition. (i) The map x — M, is a bijection of X onto Max(k[X]), more-
overx € Vx(I) ifand only if I C M,;
(ii) The closed sets of X are the Vx(I), I running through the ideals of k[ X].
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Since k[X] ~ §/Z(X) the maximal ideals k[ X] correspond to the maximal ideals
of S containing Z(X). Let M be a maximal ideal of S. Then 1.1.4 (3) and 1.1.5 (ii)
imply that M is the set of all f € § vanishing at some point of k¥*. From this the first
point of (i) follows, and the second point is obvious. (ii) is a direct consequence of
the definition of the Zariski topology of X. O

From 1.3.3 we see that the algebra k[ X] completely determines X and its Zariski
topology.

1.3.4. Exercises. (1) For any ideal I of k[X] we have Zy (Vx(I)) = /I; for any
subset Y of X we have Vy (Zx(Y)) =Y.
(2) The map Ty defines a bijection of the family of Zariski-closed subsets of X onto
the family of radical ideals of k[ X], with inverse V.
(3) Let A be an affine k-algebra. Define a bijection of Max(A) onto the set of homo-
morphisms of k-algebras A — k.
(4) Let X be an algebraic set.

(a) X is irreducible if and only if k[ X] is an integral domain (i.e., does not contain
zero divisors # 0).

(b) X is connected if and only if the following holds: if f € k[X] and f? =
f, f #0then f = 1.

(c) Let X, ..., X; be the irreducible components of X. If X; N X; = @ for
1 <i,j<s, i j,then there is an isomorphism k[X] — @15,.5: k[X;], defined
by the restriction maps k[X] — k[X;].

1.3.5. We shall have to consider locally defined functions on X. For this we need
special open subsets of X, which we now introduce.

If f € k[X] put
Dx(f)=D(f)={xe X | f(x) #0}.
This is an open set, namely the complement of V(fk[X1]). We have
D(fg) = D(f)ND(g), D(f") =D(f) (n=1).

The D(f) are called principal open subsets of X.

1.3.6. Lemma. (i) If f,g € k[X] and D(f) C D(g) then f" € gk[X] for some
n>1;
(ii) The principal open sets form a basis of the topology of X.

Using 1.1.4 (3) we see that D(f) C D(g) if and only if ./(fk[X]) C /(gk[X]),
which implies (i). (ii) is equivalent to the statement that every closed set in X is an
intersection of sets of the form Vx (fk[X]). This is obvious from the definitions. O
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1.3.7. F-structures. Let F be a subfield of k. We say that F is a field of definition
of the closed subset X of V = k" if the ideal Z(X) is generated by polynomials with
coefficients in F. In this situation we put F[X] = F[T]/Z(X) N F[T]. Then the
inclusion F[T] — S induces an isomorphism of F[X] onto an F-subalgebra of S
and an isomorphism of k-algebras k @ r F[X] — k[X]. But this notion of field of
definition is not intrinsic, as it depends on a particular choice of generators of k[ X].

The intrinsic way to proceed is as follows. Let A = k[X] be an affine algebra.
An F-structure on X is an F-subalgebra Ay of A which is of finite type over F and
which is such that the homomorphism induced by multiplication

k®F Ap — k[X]

is an isomorphism. We then write Ag = F[X]. The set X (F) of F-rational points for
our given F-structure is the set of F-homomorphisms F[X] — F. More generally, if
W is any vector space over k (not necessarily finite dimensional), an F-structure on
W is an F-vector subspace W, of W such that the canonical homomorphism

k@rWo—-> W

is an isomorphism. A subspace W' of W is defined over F if it is spanned by W' N W,,.
Then W' N W is an F-structure on W'.

1.3.8. A closed subset Y of X is F-closed (relative to our F-structure on X) if the
ideal Zx (Y) is defined over F. A subset is F-open if its complement is F-closed. The
F-open sets define a topology, the F-topology. An example of an F-open set is a
principal open set D(f) with f € F[X]. These form a basis of the F-topology.

1.3.9. Exercise. Let k = C, F = R, let k[X] = C[T,U)/(T? + U? — 1) and let
a, b be the images in k[X] of T and U. Show that R[a, b] and R[ia, ib] define two
different R-structures on X. (Hint: consider the sets of rational points.)

1.4. Regular functions, ringed spaces

1.4.1. Notations are as in 1.3. Let x € X. A k-valued function f defined in a
neighborhood U of x is called regular in x if there are g, h € k[X] and an open
neighborhood V C U N D(h) of x such that f(y) = g(y)h(y)" ' fory € V.

A function f defined in a non-empty open subset U of X is regular if it is regular
in all points of U. So for each x € U there exist g,, h, with the properties stated
above. Denote by Ox(U) or O(U) the k-algebra of regular functions in U. The fol-
lowing properties are obvious:

(A) If U and V are non-empty open subsets and U C V, restriction defines a k-
algebra homomorphism O(U) — O(V);
(B) Let U = |, 4 Ua be an open covering of the open set U. Suppose that for each
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a € A weare given f, € O(U,) such that if U, NUg is non-empty, fo and fg restrict
to the same element of O(U, N Up). Then there is f € O(U) whose restriction to U,
is fo, foralla € A.

1.4.2. Sheaves of functions. Now let X be an arbitrary topological space. Suppose
that for each non-empty open subset U of X, a k-algebra of k-valued functions O(U)
is given such that (A) and (B) hold. The function O is called a sheaf of k-valued func-
tions on X. (We shall not need the general notion of a sheaf on a topological space.)
A pair (X, O) consisting of a topological space and a sheaf of functions is called a
ringed space.

Let (X, O) be aringed space. If Y is a subset of X, we define an induced ringed
space (Y, Oly) as follows. Y is provided with the induced topology. If U is an open
subset of Y then O|y (U) consist of the functions f on U with the following property:
there exists an open covering U C | JU, of U by open sets in X, and for each «,
an element f, € O(U,) such that the restriction of f, to U N U, coincides with the
restriction of f.

We leave it to the reader to show that Oly is a sheaf of functions. Notice that if Y
is open we have Oy (U) = O(U) for all open sets U of Y.

1.4.3. Affine algebraic varieties. The ringed spaces (X, Ox) of 1.4.1 are the affine
algebraic varieties over k, which we also call affine k-varieties. In the sequel we shall
usually drop the Ox and speak of an algebraic variety X.

We denote by Oy , or O, the k-algebra of functions regular in x € X. By def-
inition these are functions defined and regular in some open neighborhood of x, two
such functions being identified if they coincide on some neighborhood of x. A formal
definition is

O, = limind O(U),

where U runs through the open neighborhoods of x, ordered by inclusion and limind
denotes inductive limit. We write A" for the affine variety defined by k. This is affine
n-space.

1.4.4. Exercises. (1) Oy, is a local ring, i.e., has only one maximal ideal (namely the
ideal of functions vanishing in x).

(2) Let M, C k[X] be the ideal of functions vanishing in x € X. Show that Oy ,
is isomorphic to the localization k[X]y,. (If A is a commutative ring and S a sub-
set that is closed under multiplication, the ring of fractions S~ A is the quotient of
S x A by the following equivalence relation: (s, a) ~ (s’, @') if there is s; € S with
si(s'a — sa’) = 0. The equivalence class of (s, a) is written as a fraction s~'a and
these are added and multiplied in the usual way. If P is a prime ideal in A and S is
the complement A — P, then S™! A is written A p and is called the localization of A at
P. See [La2, Ch. II, §3].)
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Let (X, Oy) be an algebraic variety. It follows from the definitions that there is a
homomorphism ¢ : k[ X] - O(X).

1.4.5. Theorem. ¢ is an isomorphism.

It is obvious that ¢ is injective. We have to prove surjectivity. Let f € O(X). For
each x € X there exists an open neighborhood U, of x and g,, h, € k[X] such that
h, does not vanish at any point of U, and that fory € U,

FO) =gOh(»".

By 1.3.6 (i1) we may assume that there is a, € k[X] with U, = D(a,). Then D(a,) C
D(h,) and by 1.3.6 (i) there exist &/, € k[X] and an integer n, > 1 with

ny __ /
a;* = h:h,.

The restriction of f to U, equals g, h’, (a;'X)“. Observing that D(a,) = D(ay*) we
see that we may assume that h, = a,.

Since X is quasi-compact (1.1.5 (iv)) there are finitely many of the a,, ki, ... , A;,
such that the open sets D(h;) (1 < i < s) cover X. Let g; € k[X] be such that the
restriction of f to D(h;) equals gihi"(l <i <y¥). Since g,~hi’l and g thTl coincide on
D(h;)ND(h;) whereas h;h; vanishes outside this set, we have h;hj(gih;—g;h;) = 0.
Since the D(h;) cover X, the ideal generated by A2, ... , h? is k[X]. So there exist
b; € k[X] with

Zs:b,-hf =1.
i=1

Letx € D(h;). Then
h2(x) ;bi (X)gi (X)hi (x) = leb,- (X)hEx)h;(x)g;(x) = h2(x) f(x).

It follows that f = ¢ (3_;_, b:gih:), which proves surjectivity. O

1.4.6. Exercise. Let D(f) be a principal open subset of X. Show that there is an
isomorphism onto Oy (D(f)) of the algebra k[X]; = k[X][T]/(1 — fT). (k[X]; is
isomorphic to the ring of fractions S~'k[X], where § = (f"),»0; see 1.4.4 (2).)

1.4.7. Morphisms. Let (X, Ox) and (Y, Oy) be two ringed spaces. Let¢ : X — Y
be a continuous map. If f is a function on an open set V C Y, denote by ¢y, f the
function on the open subset ¢~!V of X which is the composite of f and the restric-
tion of ¢ to that set. We say that ¢ is a morphism of ringed spaces if, for each open
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V € Y, we have that ¢}, maps Oy (V) into Ox(¢~'V). If, moreover, (X, Ox) and
(Y, Oy) are affine algebraic varieties, a morphism of ringed spaces X — Y is called
a morphism of affine algebraic varieties. 1t is clear how to define an isomorphism of
affine varieties.

If X is a subset of Y, ¢ the injection X — Y and Oy = Oy|x (see 1.4.2) then
¢ defines a morphism of ringed spaces in the previous sense. In this case we say that
(X, Oy) is a ringed subspace of (Y, Oy).

A morphism ¢ : X — Y of affine varieties defines an algebra homomorphism
Or(Y) — Ox(X),

whence by 1.4.5 a homomorphism ¢* : k[Y] — k[X]. Conversely, an algebra homo-
morphism ¢ : k[Y] — k[X] defines a continuous map ¢ : X — Y with (¢ )* = ¢
(view the points of X and Y as homomorphisms, cf. 1.3.4 (3)). Then ¢ is a morphism
of affine varieties. If ¢ is as before, we have (¢*) = ¢. The upshot of this section is
that affine k-varieties and their morphisms can be described in algebraic terms.

1.4.8. Exercises. (1) Complete the proofs of the statements of the last paragraph.

(2) Make affine k-algebras and affine algebraic varieties over k into categories. Show
that these categories are anti-equivalent. (For categories see [La2, Ch. I, §7] or [Jac$,
Ch. 1].)

(3) A morphism of affine varieties ¢ : X — Y is an isomorphism if and only if the
algebra homomorphism ¢* is an isomorphism.

1.4.9. Affine F-varieties. Let F be a subfield of k and let (X, Ox) be an affine
k-variety. An F-structure on this affine variety is given by the following data:

(a) an F-structure on X, in the sense of 1.3.7,

(b) for each F-open subset U of X we are given an F-subalgebra Ox(U)(F) of
Ox (U) such that the homomorphism induced by multiplication

k®r Ox(U)(F) = Ox(U)

is an isomorphism and that properties like (A) and (B) of 1.4.1 hold. An affine variety
over k with an F-structure will be called an affine F-variety. It is clear how to define
morphisms of these (called F-morphisms).

The proof of 1.4.5 carries over to the case of F-varieties and gives that F[X] =~
Ox (X)(F). We conclude that affine F-varieties and their morphisms can be described
in algebraic terms. An instance of an affine F-variety is affine n-space A" (n > 0),
whose algebra is k[T, ... , T,]. If X is an affine F-variety, its set X (F') of F-rational
points (1.3.7) can be viewed as the set of F-morphisms A° — X.

1.4.10. Exercise. Complete details in 1.4.9.
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1.5. Products

1.5.1. Let X and Y be two affine algebraic varieties over k. In accordance with the
general notion of product in a category [La2, Ch. 1, §7] we say that a product of X and
Y is an affine variety Z over k, together with morphisms p: Z — X,q : Z — Y such
that the following holds: for any triple (Z’, p’, q’) of an affine variety Z’ together with
morphisms p' : Z' - X, q' : Z' — Y, there exists a unique morphismr : Z' — Z
such that p’ = por, ¢ =qor. Put A = k[X),B = k[Y],C = k[Z]. Using
1.4.7 we see that C has the following property: there exist k-algebra homomorphisms
a:A— C, b: B— C such that for any triple (C’, a@’, b’) of an affine k-algebra and
k-algebra homomorphisms a’ : A — C’, b’ : B — C/, there is a unique k-algebra
homomorphism ¢ : C — C’' witha’ =coa, b' =cob.

Working in the category of all k-algebras, i.e., forgetting the condition that k[Z]
is an affine algebra, it follows from familiar properties (see e.g. [La2, Ch. XVI, §4])
that C = A®, Banda(x) =x ® 1, b(y) = 1 ® y satisfy our requirements.

1.5.2. Lemma. Let A and B be k-algebras of finite type. If A and B are reduced
(respectively, integral domains) then the same holds for A @, B.

Assume that A and B are reduced. Let ) ;_, a; ® b; be a nilpotent element of
A ® B. We may assume the b; to be linearly independent over k. For any homo-
morphism 4 : A — k we have that £ ® id is a homomorphism A ® B — B. Then
ZL] h(a;)b; is a nilpotent element of B, which must be zero since B is reduced. As
the b; are linearly independent, all #(a;) are zero, for any A. This means that the q;
lie in all maximal ideals of A. It follows that @; = O for all i (apply 1.3.4 (1) with
k[X] = A, I = (a;)), which shows that A ® B is reduced.

Next let A and B be integral domains. Let f,g € A® B, fg = 0. Write
f=2,ai®bi, g =3} ;c;®dj, the sets {b;} and {d;} being linearly independent.
An argument similar to the one just given then shows that a;c; = 0, from which it
follows that f or g equals 0. a

1.5.3. Exercises. (1) Show that C ®g C is not an integral domain.
(2) Show that in 1.5.2 the assumption that A and B are of finite type can be omitted.

1.5.4. Theorem. Let X and Y be two affine k-varieties.
(i) A product variety X x Y exists. It is unique up to isomorphism;
(ii) If X and Y are irreducible then sois X x Y.

From the discussion of 1.5.1 it is clear that it suffices to show that if A and B are
affine k-algebras (respectively, affine k-algebras that are integral domains), the same
is true for A ®, B. This follows from 1.5.2. The uniqueness statement of (i) follows
formally from the definition of products. a
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1.5.5. Exercises. X and Y are affine varieties.

(1) Show that the set underlying X x Y can be identified with the product of the sets
underlying X and Y.

(2) With the identification of (1), the Zariski topology on the X x Y is finer than the
product topology. Give an example where these topologies do not coincide.

(3) Let F be a subfield of k. A product of two affine F-varieties exists and is unique
up to F-isomorphism.

1.6. Prevarieties and varieties

1.6.1. Prevarieties. A prevariety over k is a quasi-compact ringed space (X, Oy)
(or simply X) such that any point of X has an open neighborhood U with the prop-
erty that the ringed subspace (U, O|y) (see 1.4.7) is isomorphic to an affine k-variety.
Such a U is called an affine open subset of X. A morphism of prevarieties is a mor-
phism of the ringed spaces. A subprevariety of a prevariety is a ringed subspace which
is isomorphic to a prevariety.

1.6.2. Exercises. (1) A prevariety is a noetherian topological space.

(2) If X is an irreducible prevariety and U an affine open subset, then U is irreducible.
The notion of a product of prevarieties is defined in the categorical manner; see

1.5.1.

1.6.3. Proposition. A product of two prevarieties exists and is unique up to iso-
morphism.

Let X and Y be prevarieties and let X = (JiL, U;, Y = ), V; be finite cov-
erings by affine open sets. The underlying set of the product X x Y will be the set
theoretic product X x Y, which is covered by the sets U; x V;. On these sets we have
a structure of affine variety (by 1.5.4 and 1.5.5 (1)). We declareaset U C X x Y to
be open if U N (U; x V;) is an open subset of the algebraic set U; x V;, forall i, j.
This defines a topology on X x Y. A function f, defined in an open neighborhood
U of x € U; x Vj, is defined to be regular in x if its restriction to U N (U; x V) is
regular in x, for the structure of affine variety on U; x V;. This defines a structure of
ringed space on X X Y. One verifies that it has the required properties. The uniqueness
statement is proved in the standard manner. a

1.6.4. Exercise. Fill in the details of the proof of 1.6.3.

1.6.5. Separation axiom. Let X be a prevariety, denote by Ay the diagonal sub-
setof X x X,i.e.,

Ay ={(x,x) | x € X},

and denote by i : X — Ay the obvious map. We provide Ay with the induced
topology.
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1.6.6. Example. Let X be an affine k-variety. Then Ay is a closed subset of X x X,
namely the set Vy, x(I) (see 1.3.2), where I is the kernel of the homomorphism

k[X x X] = k[X] ® k[X] — k[X]

defined by the product of the algebra k[X]. The ideal / is generated by the elements
f®1—-1® f (f € k[X]). Since k[X x X]/I =~ k[X], we conclude that i now
defines a homeomorphism of topological spaces X ~ Ay.

1.6.7. Exercise. Prove the assertions made in 1.6.6.

1.6.8. Lemma. i : X — Ay defines a homeomorphism of topological spaces for
any prevariety X.

Cover Ay by open sets of the form U x U, with U affine open in X, and use that
the result holds for affine varieties (1.6.6). O

1.6.9. The prevariety X is defined to be a variety (or an algebraic variety over k
or a k-variety) if the following holds:

Separation axiom. Ay is closed in X x X.

By 1.6.6 this holds if X is an affine variety. See 1.6.13 (1) for an example of a
prevariety which is not a variety.
It is clear how to define morphisms of varieties.

1.6.10. Exercises. (1) Show that a topological space X is Hausdorff if and only if
the diagonal Ay is closed in X x X for the product topology.

(2) The product of two varieties is a variety.

(3) A subprevariety of a variety is a variety.

(4) Let X be a variety. Define an induced variety structure on open and closed subsets
of X.

One needs the separation axiom to establish the following results.

1.6.11. Proposition. Let X be a variety and Y a prevariety.

(i)If¢ : Y — X is a morphism, then its graph T'y = {(y, ¢(y)) | y € Y} is closed in
Y x X;

(ii) If ¢, ¥ : Y — X are two morphisms which coincide on a dense set, then ¢ = .

In the situation of (i), consider the continuous map ¥ x X — X x X sending (y, x)
to (¢(y), x). Then 'y, is the inverse image of the closed set Ay, hence is closed. This
proves (i). In the situation of (ii) it follows similarly that {y € Y | ¢(y) = ¥ (y)} is
closed, whence (ii). O
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The following result gives a useful criterion for a prevariety to be a variety.

1.6.12. Proposition. (i) Let X be a variety and let U, V be affine open sets in X.
Then U NV is an affine open set and the images under restriction of Ox(U) and
Ox (V) in Ox(U N V) generate the last algebra;

(ii) Let X be a prevariety and let X = | J;.., U; be a covering by affine open sets. Then
X is a variety if and only if the following holds: for each pair (i, j) the intersection
U; NUj is an affine open set and the images under restriction of Ox (U;) and Ox (U;)
in Ox(U; N Uj) generate the last algebra.

In the situation of (i), we have that Ay N (U x V) is closed in U x V. Now i
induces an isomorphism of ringed spaces U NV >~ Ax N (U x V). It follows that
U NV is affine and that regular functions on Ax N (U x V) are restrictions of regular
functions on U x V, i.e., of elements of k[U] ® k[V]. Then (i) follows from the fact
that this algebra is generated by kK[U]® 1 and 1 ® k[V].

The necessity of the condition of (ii) follows from (i). If it is satisfied, then for
each pair (i, j) the intersection Ay N (U; x V;) is an affine algebraic variety whose
algebra is a quotient of Ox, x (U; x U;). This implies that Ay N (U; N U;) is closed
in U; x U;. Hence Ay is closed in X x X. O

1.6.13. Exercises. (1) Define the ‘line with doubled point 0’ X as follows. As a
set X is the union of A' and a point 0, moreover A! is an affine open set, with its
usual variety structure. Define ¢ : A'! - X by¢(x) =x € Alifx #0, ¢(0) =0
Then Im ¢ can be given a structure of affine variety isomorphic to A!. Define Im ¢ to
be an affine open subset. Show that X is a prevariety which is not a variety.
(2) Define the projective line P! in a similar way: P! = A! U {00}, with ¢(x) = x~!
for x # 0, ¢(0) = 0o. Show that P! is a variety. Show that Opi (P!) = k and deduce
that any morphism of P! to an affine variety is constant.
(3) (a) Let U C A" be open and non-empty. If f € Oan(U), there exist g, h €
k[Ty, ..., T,] such that & does not vanish on U and that f(x) = g(x)h(x)~! for
x € U. (Hint: cover U by principal open sets and use 1.4.6).

(b) Let X = A" — {0}, with the induced structure of variety. Show that X is not
an affine variety if n > 2.

1.6.14. F-structures. Let F be a subfield of k. We say that the k-variety X has
an F-structure or that X is an F-variety if we are given a family of open subsets of
X, called F-open subsets, with the following properties:

(a) the F-open subsets form a topology;

(b) the F-open subsets, which are also affine open, cover X (these sets will be called
affine F-open sets);

(c) an affine F-open set has a structure of affine F-variety;

(d) if U and V are two affine F-open sets with V C U, then the inclusion morphism
of affine varieties V — U is defined over F.
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If X and Y are two F-varieties, a morphism ¢ : X — Y is defined over F if for
any F-openset V C Y, the set U = ¢~!U is F-open in X and if, moreover, the
induced morphism U — V is defined over F. We also say that ¢ is an F-morphism.
The notion of an F-isomorphism is the obvious one. Likewise the notion of an F-
subvariety.

If a k-variety X has an F-structure, we shall say that F is a ground field for X.

1.6.15. To define an F-structure on a k-variety X, the following data suffice: a cov-
ering (U;) of X by affine open subsets, together with F-structures on the U; and their
intersections, such that all inclusion morphisms U; N U; — U; are defined over F.
An F-open set is defined to be an open set whose intersection with U; is F-open in
Ui, for all i. Then the properties of 1.6.14 hold.

1.6.16. If X is an F-variety, the set X (F) of its F-rational points is the set of F-
morphisms A? — X (cf. 1.4.9).
If X and Y are two F-varieties, there is a unique structure of F-variety on the

product X x Y of 1.5 such that the projection morphisms to X and Y are defined over
F.

1.6.17. Exercises. (1) Check the statements made in 1.6.15 and 1.6.16.

(2) A morphism of F-varieties ¢ : X — Y is defined over F if and only if its graph
(1.6.11 (1)) is a closed F-subvariety of the F-variety X x Y of 1.6.16.

(3) Let X be a k-variety. There exists a subfield F of k which is an extension of finite
type of the prime field in k such that X has an F-structure.

1.7. Projective varieties

The most important example of non-affine varieties, and practically the only ones
that we shall encounter, are the projective spaces and their closed subvarieties, to be
discussed in the present section.

1.7.1. P". The underlying set of projective n-space P” is the set of all one dimen-
sional subspaces of the vector space k**1 or, equivalently, k"1 — {0} modulo the
equivalence relation: x ~ y if there is a € k* = k — {0} such that y = ax. Write x*
for the equivalence class of x. If x = (xg, xy, ... , x,), we call the x; homogeneous
coordinates of x*.

For0 <i <n, put

Ui ={(x0,...,%)" €P" | x; #0}.
Define a bijection ¢; : U; — A" by

-1 -1 -1 -1
¢i(x0’ ey xn) = (xi X0y oo 0 X Ximls X; Xigly oo » X xn),
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and transport the structure of the affine variety on A" to U; via ¢;. Then ¢;(U; N U;)
is a principal open set D(f) in A". In fact, identifying k[A"] with k[T, ... , T,], we
may take f =Tj if j <i, f=1if j=iand f =T;if j > i.

We make P” into a prevariety in the following manner (cf. 1.6.15). A subset U
is defined to be open if U N U; is open in the affine variety U;, for 0 < i < n. Let
x € P" and assume x € U;. A function f, defined in a neighborhood of x, is declared
to be regular in x if the restriction of f to U; is regular in x for the structure of affine
variety of U; which was introduced above. As in 1.4.1 we obtain a sheaf Op» and a
ringed space (P”, Opr), which is a prevariety (check the details).

This is, in fact, a variety. From the definitions we see that O(U;NU;) (0 < i, j <
n) is the k-algebra of functions whose value in (xo, . .. , x,)* is a polynomial function
of x,.'"xo, . ,xi'lx,,, xj“lxo, .. ,xj_'x,,. It is then clear that the condition of 1.6.12
(i1) is satisfied.

The variety thus obtained is a projective n-space. For n = 1 we recover the vari-
ety of 1.6.13 (2) (check this). A projective variety is a closed subvariety of some P”,
i.e., a closed subset with the induced structure of a variety. A quasi-projective variety
is an open subvariety of a projective variety.

1.7.2. Exercises. (1) An invertible linear map of k"*! induces an isomorphism of
P,

(2) Let V be a finite dimensional vector space over k. Define a variety P(V) whose
underlying point set is the set of one-dimensional subspaces of V and which is iso-
morphic to P*~!, where n = dim V.

(3) Let F be a subfield of k. Define an F-structure on P”, inducing on each U; the
F-structure obtained by transporting the F-structure of A”.

1.7.3. Closed sets in P". We shall now give a concrete description of closed sets
in P*. Let S = k[T, ..., T,] be the polynomial algebra in n 4+ 1 indeterminates.
An ideal I in S is homogeneous if it is generated by homogeneous polynomials or,
equivalently, if fo + --- + f, € I, where f; is homogeneous of degree i, then all f;
liein /.

If I is a proper homogeneous ideal in S, then if x € k"*! is a zero of I, the same
is true for all ax, a € k*. Hence we can define a set V*(I) € P" by

V() ={x*€P" | x € Vinru(I)}.

1.7.4. Proposition. The closed sets in P" coincide with the sets V*(I), I running
through the homogeneous ideals of S.

Let 7 be a homogeneous ideal. It is easy to see that V*(I) N U; is closed for all i,
from which it follows that V*([/) is closed.

Let U be open in P*. To prove 1.7.4 it suffices to show that U is the com-
plement of some V*(I), and by an analogue of 1.1.3 (d), it suffices to do this if
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U = ¢7(D(f)) c U; (for some i), where f € k[Ty, ..., T,]. There is a homo-
geneous polynomial f* € k[T, ..., T,] which is divisible by T;, such that

f*(xl, ey Xi—1, l,x,-,... ,x,,) = f(xl,... ,x,,).

Then U is the complement of V*(f*S). m]

1.7.5. Exercises. (1) Let f € S be homogeneous and # 0. Let S} be the algebra of ra-
tional functions gf ", where g € S is homogeneous of degree deg g = hdeg f. Show
that D*(f) = P" — V*(fS) is an affine open subset of P" and that Op- (D*(f)) =~ S}.
(2) Let I be a homogeneous ideal in S.

(a) Show that V*(I) = @ if and only if there exists N > 0 such that T,-N € I for
0<i<n.

(b) Show that V*(I) is irreducible if and only 4/I is a prime ideal.
(3) Let F be a subfield of k. The F-closed subsets of P", for the F-structure of 1.7.2
(3), are the V*(I), where the homogeneous ideal [ is generated by polynomials with
coefficients in F.
(4) (a) Define a map of sets ¢ : P" x P" — P™+"m+" by

¢((x0’ SRR xm)*’ (yO’ SR yn)*) = (xiyj)*-

Show that the image of ¢ is a closed subset V™" of P™*+™+" and that ¢ defines an
isomorphism of varieties of P” x P” onto the projective variety defined by V™",

(b) The product of two projective F-varieties is isomorphic to a projective F-
variety.

1.8. Dimension

1.8.1. Let X be an irreducible variety. First assume that X is affine. Then k[X] is
an integral domain (1.2.5). Let k(X) be its quotient field [La2, p. 69]. If U = D(f)
is a principal open subset of X, then k[U] = k[X]; (1.4.6) from which it follows that
the quotient field k(U) is isomorphic to k(X). Using 1.3.6 (ii) we conclude that the
same holds for any affine open subset U.

Now let X be arbitrary. Using 1.6.12 (ii) the preceding remarks imply that for
any two affine open sets U, V of X, the quotient fields k(U), k(V) can be canon-
ically identified. It follows that we can speak of the quotient field k(X) of X. If
X is an irreducible F-variety, we define similarly the F-quotient field F(X). The
dimension dim X of X is the transcendence degree of k(X) over k (see [La2, Ch.
X, §1]). If X is reducible and if (X;)<i<m is the set of its components, we define
dim X = max;(dim X;).

If X is affine and k[X] = k[xy, ..., x,] then dim X is the maximal number of
elements among the x; that are algebraically independent over k.
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1.8.2. Proposition. If X is irreducible and if Y is a proper irreducible closed sub-
variety of X, then dimY < dim X.

We may assume X to be affine. Let k[X] = A = k[xy,...,x.], k[Y] = A/P,
where P is a non-zero prime ideal. Let y; be the image in k[Y] of x; and putd =
dim X,e = dimY. We may assume that yj, ..., y. are algebraically independent.
Clearly, x, ..., x. are also algebraically independent, whence e < d. Assume that
d = e. Let f be a non-zero element of P. There is a relation H(f, x;,... ,x,) =0,
with H € k[Ty, ..., T.]. We may assume that H is not divisible by 7. But then we
would have a non-trivial relation H(0, y, ... , y.) = 0. It follows that we must have
d<e. a

1.8.3. Proposition. Let X and Y be irreducible varieties. Then dimX X Y =
dimX +dimY.

We may assume X and Y to be affine. Let x;, ..., xz and yi, ... , y. be maximal
sets of algebraically independent elements in k[ X], respectively k[Y]. Then

xi®L,...,x%01,1Q0y,...,1®y.}
issuchasetin k[X]® k[Y] =k[X x Y]. O

1.8.4. Exercises. (1) dimA” = dimP" = n.

(2) A zero dimensional variety is finite.

(3) Let f € k[T, ..., T,] be an irreducible polynomial. The set of its zeros is an
(n — 1)-dimensional irreducible subvariety of A”".

(4) Let X be an irreducible F-variety. Then dim X equals the transcendence degree
of F(X) over F.

1.9. Some results on morphisms

19.1. Lemma. Let ¢ : X — Y be a morphism of affine varieties and let ¢* :
k[Y] — k[X] be the associated algebra homomorphism.

(i) If ¢* is surjective, then ¢ maps X onto a closed subset of Y,

(ii) ¢* is injective if and only if X is densein Y ;

(iii) If X is irreducible, then so is the closure $X and dim¢X < dimX;

(iv) Let F be a subfield of k. If X and Y are F-varieties and ¢ is defined over F, then
¢X is an F-subvariety of Y.

Put I = Ker ¢*. If ¢* is surjective, then ¢ X = Vy(I), whence (i). Also, ¢* is in-
jective if and only if Zy (¢ X) = {0}, which implies (ii). The first point of (iii) follows
from 1.2.3 and the last point from (ii), applied to the restriction morphism X — ¢X,
using 1.8.2. Notice that X = Vy(I). In the situation of (iv), the ideal I is spanned
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by the kernel of the homomorphism F[Y] — F[X]induced by ¢. This implies (iv). O

The image ¢ X need not be closed. As an example, let X = {(x, y) € A? | xy = 1}
and define ¢ : X — Al by ¢(x, y) = x. Then ¢ X is the open set A! — {0}.

1.9.2. For the proof of the main result 1.9.5 of this section, we need some algebraic
results.

Let B be a reduced ring and A a subring such that B is of finite type over A.
Suppose that we are given a homomorphism of A to an algebraically closed field. We
want to extend it to a homomorphism of B. We first assume that we have the special
case that B = A[b] is generated over A by one element. Then B >~ A[T]/I, where
I is the ideal of the f € A[T] with f(b) = 0. It does not contain non-zero constant
polynomials. Denote by [7(I) the union of the set of leading coefficients of the non-
zero polynomials in / and {0}. This is an ideal in A.

1.9.3. Lemma. Let K be an algebraically closed field and let ¢ : A — K be a
homomorphism such that ¢ J (1) # {0}. Then ¢ can be extended to a homomorphism
B — K.

Let f = fo+ fiT + ...+ fuT™ € I be such that ¢f,, # 0. We may assume
that m is minimal. We shall proceed by induction on m. First extend ¢ to the obvious
homomorphism A[T] — K[T], also denoted by ¢. Assume that ¢/ does not contain
a non-zero constant. Then it generates a proper ideal of K[T]. Let z € K be a zero of
that ideal. It is immediate that ¢b = z then defines an extension of ¢ to B.

We claim that the assumption always holds. If not then I/ contains a polynomial
g =8 + ..+ g7T" with ¢(go) # 0,¢(g;) = 0 (i > 0). The division algorithm
shows that there exist g, € A[T] and an integer d > O such that fég = qf +r
and that deg r < m. Then ¢(f%)p(go) = ¢q.¢f + ¢r. Since ¢f has degree m > 0,
we have that ¢r is also a non-zero constant. This means that we may assume n < m.
Then g cannot exist if m = 1, proving the claim in that case. Assume that m.> 1 and
that the assertion of the lemma is true for smaller values of m.

Ifh="ho+..+hT° € A[T]and h; £ 0, puth = T h(T~") = hy + ... + hoT".
Let I be the ideal in A[T] generated by the 2 with h € I. If a € I N A, there is
an integer s > O such that aT* € I, whence (aT)’ € I. Since B is reduced, we
have aT € I. We conclude that / N A is the ideal J = {a € A | aT € I}. If
¢J # {0} we have m = 1, contradlctmg the assumption m > 1. So ¢J = {0}. Put
A= A/J, B = A[T]/I = A[b]. Then B is reduced. In fact, if f € A[T] and
ft e I, then T*f* € I for some u > 0. Since B is reduced we can conclude that
T f € I, whence f € I, proving that B is reduced.

Now ¢ defines a homomorphism ¢ : A — K. Notice that I contains § =
gn+ ... + gT", with ¢(go) # 0. Since n < m the induction assumption shows that
& extends to a homomorphism B — K. As ¢(gi) = 0fori > 0, we have &) = 0.
But [ also contains f and ¢(f) # 0. This contradiction establishes our claim. O
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1.9.4. Proposition. Let B be an integral domain and let A a subring such that B
is of finite type over A. Given b # 0 in B there exists a # 0 in A such that any
homomorphism ¢ of A to the algebraically closed field K with ¢(a) # 0 can be
extended to a homomorphism ¢ : B — K with ¢(b) # 0.

We have B = A[by, ..., b,]. By an easy induction we may assume that n = 1,
i.e., that B = A[b;] =~ A[T]/I, as before. First assume that I # {0}. Let f € I be
non-zero and of minimal degree. Denote by a; its leading coefficient. The division
algorithm shows that g € I if and only if for some d > 0 we have that a‘f g 1s divisible
by f. Let h € A[T] represent the given element b, then i ¢ I. Since f is irreducible
over the quotient field of A, it follows that f and h are coprime over that field. Hence
there exist u, v € A[T] and a, € A — {0} such that uf + vh = a,. Thena = aja;
is as required. For if ¢ is as in the proposition, it follows from the preceding lemma
that ¢ can be extended to B. Then ¢ (v(b,))¢ (b) = ¢pa, # 0, whence ¢ (b) # 0. This
settles the case I # {0}. The easy case I = {0} is left to the reader. O

1.9.5. Theorem. Let ¢ : X — Y be a morphism of varieties. Then ¢ X contains
a non-empty open subset of its closure ¢ X .

Using a covering of Y by affine open sets, we reduce the proof to the case that Y
is affine. Using 1.3.6 (ii) and 1.4.6 we see that X may also be taken to be affine. If
X1, ..., X; are the irreducible components of X, we have ¢_X = m, from which
we see that we may also assume X to be irreducible. Replace ¥ by ¢X. Then the
assertion of the theorem is a consequence of 1.9.4, with A = k[Y], B =k[X], b= 1.

a

1.9.6. Exercises. (1) Let X be a variety. A subset of X is locally closed if it is the
intersection of an open and a closed subset. A union of finitely many locally closed
sets is a constructible set.

(a) The complement of a constructible subset of X is constructible.

(b) Let ¢ : X — Y be a morphism. Deduce from 1.9.5 that the image ¢ X is a
constructible subset of Y. (Hint: proceed by induction on dim X, using 1.8.2.)

(c) If C is a constructible subset of X then ¢C is constructible.

(2) (a) Let E be a field and let F be a field extension of F' which is an F-algebra of
finite type. Then E is a finite algebraic extension of F. (Hint: use 1.9.4.)

(b) Let F be a field. If M is a maximal ideal in the polynomial ring § =
F[Ty, ..., T,], then S/ is a finite algebraic extension of F.

(c) Let I be an ideal in S. Then the radical /I is the intersection af the maximal
ideals containing /. (Hint: Let f be a non-zero element in that intersection and let f
be its image in S//. Show that (S/1) ; = {0}.)

(d) Prove the Nullstellensatz 1.1.2 (note that the proof of 1.9.4 does not use results
from the previous sections).



20 Chapter 1. Some Algebraic Geometry

Notes

This first chapter contains standard material from algebraic geometry and needs few
comments. We have also included the definition of algebraic varieties over a ground
field that is not algebraically closed, as well as some simple results on such varieties.
More delicate results will be taken up in Chapter 11. In another terminology our alge-
braic varieties are the schemes of finite type over a field which are absolutely reduced.
For more about algebraic geometry we refer to Hartshorne’s book [Har] or Mumford’s
notes [Mu2].

In 1.4 we have introduced only sheaves of functions. We did not discuss more
general sheaves, as they will not be needed in the sequel. Generalities about sheaf
theory can be found in [God].

In the literature 1.9.4 is often proved by using valuations. We used an elementary
approach that goes back to Chevalley and Weil [We3, p. 30-31]. The auxiliary result
1.9.3 will also be used in 5.2.



Chapter 2

Linear Algebraic Groups, First Properties

In this chapter algebraic groups are introduced. We establish a number of basic re-
sults, which can be handled with the limited amount of algebraic geometry dealt with
in the first chapter. & is an algebraically closed field and F a subfield. All algebraic
varieties are over k.

2.1. Algebraic groups

2.1.1. An algebraic group is an algebraic variety G which is also a group such that
the maps defining the group structure  : G x G — G with u(x,y) = xy and
i : x — x~! are morphisms of varieties. (We may view the set of points of the variety
G x G as a product set, see 1.5.5 (i) and 1.6.3). If the underlying variety is affine, G
is a linear algebraic group. These are the ones we shall be concerned with. It is usual
to use the adjective ‘linear’ instead of ‘affine’ (this is explained by 2.3.7 (i)).

Let G and G’ be algebraic groups. A homomorphism of algebraic groups ¢ :
G — G’ is a group homomorphism is also a morphism of varieties. The notions of
isomorphism and automorphism are clear.

The product variety G x G’, provided with the direct product group structure is
an algebraic group, the direct product of the algebraic groups G and G’ (check this).

A closed subgroup H of the algebraic group G is a subgroup that is closed in
the Zariski topology. Then there is a structure of algebraic group on H such that the
inclusion map H — G is a homomorphism of algebraic groups.

We say that the algebraic group G is an F-group if G is an F-variety, if the
morphisms p and i are defined over F, and if the identity element e is an F-rational
point (see 1.6.14). The notions of an F-homomorphism of F-groups and of an F-
subgroup are clear.

If G is an F-group, the set G(F) of F-rational points (1.6.16) has a canonical
group structure.

2.1.2. Let G be a linear algebraic group and put A = k[G]. By 1.4.7 the mor-
phisms p and i are defined by an algebra homomorphism A : A — A ®; A (called
comultiplication) and an algebra isomorphism ¢ : A — A (called antipode). More-
over, the identity element is a homomorphisme : A — k. Denotebym : AQA — A
the multiplication map (so m(f ® g) = fg) and let € be the composite of e and the
inclusion map k — A.

The group axioms are expressed by the following properties:
(associativity) the homomorphisms A ® id andid ® A of Ato A ® A @ A coincide;
(existence of inverse)m o 1 @ id) o A =mo (id® 1) o A =¢;
(existence of identity element) (e ® id) o A = (id ® €) o A = id (we identify k @ A
and A ® k with A).
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The properties can also be expressed by commutativity properties of the following
diagrams:

A
A A®A
Al lid@A
A®i
A®A ARARA,

A

id®eT \Id\ I A

A®A <—:—-—A.

Let G be an F-group and put Ag = F[G]. Then A, : and e come from F-
algebra homomorphisms Ag = A ®F Ao, Ag = Ao, Ag — F, respectively, which
we denote by the same symbols. They have properties similar to the ones listed above.

2.1.3. Exercises. (1) Check the translation of the group axioms stated in 2.1.2.
(2) Define the notion of a prealgebraic group, based on the notion of a prevariety (see
1.6.1). Show that a prealgebraic group is an algebraic group.

2.1.4. Examples. The notations are as in 2.1.1.

(1) G = A' = k with addition as group operation. This defines a linear algebraic
group, with A = k[T]. The homomorphism A : k[T] — k[T]® k[T] =~ k[T, U] is
givenby AT =T + U and ¢ : k[T] — k[T] by «T = —T. Moreover, the algebra
homomorphism e : k[T] — k sends T to 0. We denote this algebraic group by G,;
it is the additive group. 1t is obvious that F[T] defines an F-structure on G,, for any
subfield F of k.
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(2) G = A! — {0} = k*, with multiplication as group operation. Now A = k[T, T~!]
and A : k[T, T7'] - k[T, T '] Q k[T, T™'] =~ k[T, T~',U, U] is given by
AT = TU. Moreover, :T = T~! and e send T to 1. This algebraic group is denoted
by G,, or by GLj; it is the multiplicative group. It has the F-structure defined by
F[T,T7.

If n is any non-zero integer then ¢x = x" defines a homomorphism of algebraic

groups G,, — Gy,. If k has characteristic p > 0 and n is a power of p then ¢ is an
isomorphism of abstract groups but not of algebraic groups (since ¢* : A — A is not
surjective, see 1.4.8 (3)).
(3) View the set M, of all n x n-matrices as k" in the obvious manner. For X €
M, let D(X) be its determinant. Then D is a regular function on M,,. The general
linear group GL, is the principal open set {X € M, | D(X) # 0}, with matrix
multiplication as group operation.

We have A = k[T, D_l]lsi.jsm with D = det(T;;). Now A is given by

n
ATy = E T @ Ty;.
h=1

and (T;; is the (i, j)-entry of the matrix (T,»)~!. The identity e sends T; j to &;; (Kro-
necker symbol). For n = 1 we recover the previous example. Since M, is an ir-
reducible variety so is GL, (by 1.2.3 (i)). Its dimension is n2. Finally notice that
F[T;;, D] defines an F-structure.
(4) Any subgroup of GL, which is closed in the Zariski topology of GL, defines a
linear algebraic group. Here are a number of examples:

(a) a finite subgroup;

(b) the group D, of non-singular diagonal matrices;

(c) the group T, of upper triangular matrices X = (x;;) € GL, with x;; = 0 for
i > j;

(d) the group U, of unipotent upper triangular matrices, i.e., the subgroup of the
previous group whose elements have diagonal entries 1;

(e) the special linear group SL, = {X € GL,, | det(X) = 1};

(f) the orthogonal group O, = {X € GL, | 'X.X = 1}, where ' X denotes the
transpose of X;

(g) the special orthogonal group SO, = O, N SL,;

(h) the symplectic group Sp,, = {X € GL,, | ' XJX = J}, where J is the matrix

0 1,
-1, O

(5) As examples of non-linear algebraic groups (not needed in the sequel) we mention
the elliptic curves. These are closed subsets of the projective plane P2. Assuming for
convenience that the characteristic is not 2 or 3, such a group G can be defined to be
the set of (xg, x1, x2)* € P? (notations of 1.7.1) such that

xox2 = x} + ax;x} + bxg,
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where a, b € k are such that the polynomial T3 4+ aT + b has no multiple roots.

The neutral element e is (0, 0, 1)*. The group operation of G is commutative and
is written as addition. It is such that if three points of G are collinear in P? (i.e., if their
homogeneous coordinates satisfy a non-trivial linear relation coxg + c1x; +c2x2 = 0),
then their sum is e. This defines addition. It is easy to check that, if x = (xq, x;, x2)* €
G, we must have —x = (xg, X1, —x2)*.

The addition can be described by explicit formulas which, however, are not very
enlightening. A proof of the associativity of the group operation based on these for-
mulas would be clumsy. There are better, more geometric, ways to deal with the group
structure on such a curve. We refer to [Har, p. 321].

2.1.5. Exercises. (1) Let V be a finite dimensional vector space over k.
(a) Define a linear algebraic group GL(V) whose underlying abstract group is the
group of all invertible linear maps of V and which is isomorphic to GLgir, v .
(b) An F-structure V on V (1.3.7) defines a structure of F-group on GL(V). The
corresponding group of rational points GL(V)(F) is the group GL(V;) of invertible
F-linear maps of V.
(2) Check that the subgroups of GL, listed in 2.1.4 (4) are indeed closed.
(3) We have A = k[SLz] =k[Th, T, T3, T4]/(T] Ty —TT5 - 1) = klt, 1y, 13, t4] (4
denoting the image of 7;). Let B be the subalgebra of A generated by the products
t,'tj(l <i,j<4).

(a) Let A and  define the group structure of SL,. Show that AB C B® B, (B =
B and deduce that there is an algebraic group PSL, whose algebra is B. Show that the
inclusion map B — A defines a homomorphism of algebraic groups SL, — PSL,
with kernel of order at most two.

(b) If char(k) # 2, then B is the algebra of functions f € A such that f(—X) =
f(X) for all X € SL,.

(c) If char(k) = 2, the homomorphism of (a) defines an isomorphism of underly-
ing abstract groups but is not an isomorphism of algebraic groups.
(4) Show that the group T, of 2.1.4 (c) is solvable.
(5) Show that the automorphisms of G, (= k) are the multiplications by non-zero ele-
ments of k .

2.1.6. Generalizations of algebraic groups. (a) The description of the notion of an
algebraic group in terms of algebra homomorphisms, given in 2.1.2, leads to the fol-
lowing generalization. Let R be a commutative ring and A a commutative R-algebra.
Assume given homomorphisms of R-algebras A : A > AQr A, t: A —> A, e:
A — R, such that we have the properties of 2.1.2, with k replaced by R. We say that
the set of data G = (A, A, (, e) defines a group scheme over R (more precisely, an
affine group scheme.) We shall occasionally encounter this notion. But we shall not
go into the theory of group schemes. It is dealt with, for example, in [DG, SGA3].

(b) Let G be a group scheme over R. It follows from the axioms of 2.1.2, that for



2.2. Some basic results 25

each R-algebra S, the set G(S) of R-algebra homomorphisms A — S has a canonical
group structure. In fact, S — G(S) defines a functor from the category of R-algebras
to the category of groups. Such a functor is an R-group functor. Group functors gen-
eralize group schemes. For more about group functors we refer to [loc.cit.].

(c) A more recent generalization that has become quite important is obtained by ad-
mitting in (a) non-commutative R-algebras A. In this case A and e are as before, but ¢
is required to be an anti-automorphism. We impose the same axioms as before. More-
over, we require that the opposite algebra A°PP (i.e., A with reversed multiplication)
has the same properties, relative to A, ¢~!, e. Now the set of data G = (A, A, t, )
defines a quantum group over R. We refer the reader to [Jan2, Kas] for more about
the theory of quantum groups and for examples.

2.2. Some basic results

Let G be an algebraic group. If g € G, the maps x +— gx and x — xg define
isomorphisms of the variety G. We shall frequently use this observation.

2.2.1. Proposition. (i) There is a unique irreducible component G° of G that contains
the identity element e. It is a closed normal subgroup of finite index;

(ii) GO is the unigue connected component of G containing e;

(iii) Any closed subgroup of G of finite index contains G°.

Let X and Y be irreducible components of G containing e. If u and i are as in
2.1.1, it follows from 1.2.3 that XY = u(X x Y) and its closure XY are irreducible.
Since X and Y are contained in X7, it follows from 1.2.6 (1) that X = ¥ = XY.
It also follows that X is closed under multiplication. Since i is a homeomorphism,
we see that X! is an irreducible component of G containing e, so must coincide
with X. We conclude that X is a closed subgroup. Using that inner automorphisms
define homeomorphisms, one sees that for x € G, we have xXx~! = X, so that X
is a normal subgroup. The cosets x X must be the components of G, and by 1.2.4 the
number of cosets is finite. We have proved that G = X has the properties of (i).

We also see that the irreducible components of G are mutually disjoint. It then
follows that the irreducible components must coincide with the connected components
(use 1.2.8 (i)). This implies (ii).

If H is a closed subgroup of G of finite index, then H? is a closed subgroup of
finite index of G°. Then H? is both open and closed in G°. Since G° is connected,
we have H? = G°, which proves (ii). O

The proposition shows that, for algebraic groups, the notions of irreducibility and
connectedness coincide. In the sequel we shall, as is usual, speak of connected alge-
braic groups, and not of irreducible ones. We always denote by G° the component of
the algebraic group G containing the identity (briefly: the identity component).

Dimensions being defined as in 1.8.1, we see from 2.2.1 that all components of G
have dimension dim G.
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2.2.2. Exercises. (1) The groups G,, G,,, GL,,D,, T,, U,,SL, of 2.1.4 are con-
nected.
(2) Assume that k has characteristic # 2.

(a) The group O, is not connected.

(b) Let V be the set of skew symmetric n x n-matrices. Then x +— (14x)~!(1—x)
defines an isomorphism of a non-empty open subset of SO,, onto an open subset of V.
Show that SO,, is the identity component of O,,.

(3) The variety of 1.2.8 (3) cannot be the underlying variety of an algebraic group.
(4) Let G be a connected algebraic group and let N be a finite normal subgroup. Then
N lies in the center of G. (Hint: for n € N consider the map x > xnx~' of G to N.)

2.2.3. Lemma. Let U and V be dense open subsets of G. Then UV = G.

Notice that a subset of G is open and dense if and only if it intersects any com-
ponent of G in a non-empty open subset. The intersection of two such subsets is one
with the same properties.

Let x € G. Then xV~! and U are both dense open subsets. They have a non-
empty intersection (1.2.1), which means that x € UV a
Notice that if G is connected we need only require U and V to be open and non-empty.

2.2.4. Lemma. Let H be a subgroup of G.
(i) The closure H 1s a subgroup of G;
(ii) If H contains a non-empty open subset of H then H is closed.

Letx € H. Then H = xH C xH. Since xH is closed we have H C xH and
xVH c H, whence HH C H. Now let x € H. Then Hx C H, and a similar
argument shows that H is closed under multiplication. Since (H)™! = H-! = H, we
conclude that H is a group. If U C H is open in H and non-empty, then H, being
a union of translates of U, is openin H. By 2.2.3 we conclude that H = H.H = H. O

2.2.5. Proposition. Let ¢ : G — G’ be a homomorphism of algebraic groups.

(i) Ker ¢ is a closed normal subgroup of G;

(ii)  (G) is a closed subgroup of G';

(iii) If G and G’ are F-groups and ¢ is defined over F then ¢ (G) is an F-subgroup
of G';

(iv) $(G%) = (¢G)°.

Ker ¢ = ¢ 'eis closed in G, whence (i). By 1.9.5, ¢ (G) contains a non-empty
open subset of its closure. Then (ii) follows from 2.2.4 (ii) and (iii) is a consequence
of 1.9.1 (iv). ¢(G°) is a closed subgroup of G’ by (ii), which is connected (by 1.2.3
(i1)) and which is of finite index in ¢G. Using 2.2.1 (iii) we obtain (iv). O

2.2.6. Proposition. Let (X;, ¢;)ic; be a family of irreducible varieties together with
morphisms ¢; : X; = G. Denote by H the smallest closed subgroup of G containing
the images Y; = ¢; X; (i € I). Assume that all Y; contain the identity element e.
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(i) H is connected;

(ii) There exist an integer n > 0, a = (a(l),... ,a(n)) € I"and e(h) = £1 (1 <
h < n) such that H = Y<)..Y<®);

(iii) Assume, moreover, that G is an F-group, that all X; are F-varieties and that the

morphisms @; are defined over F. Then H is an F-subgroup.

We may assume that the sets ¥;"' occur among the ¥;. For each element a =
(a(1),...,a(n)) of some I", we write Y, = Y,(1y...Ya(n). This is an irreducible sub-
set of G, and so is the closure Y, (see 1.2.3 (i)). With obvious notations we have
Y,.Y. = Y. An argument as in the proof of 2.2.4 then shows that Yb Y. C Y(b o)
Now take a such that dim Y, is maximal. For any b,wethenhave Y, C Y,.Y, C Y(a b)-
From 1.8.2 we conclude that Y(a,b, =Y,and Y, C Y,, for all b. It also follows that
Y, is closed under multiplication, which implies that Y, is a group. By 1.9.5 and 2.2.3
we have Y, = ¥,.Y,. It follows that H = Y, has the properties stated in (i) and (ii).
Now (iii) is a consequence of 1.9.1 (iv). O

2.2.7. Corollary. (i) Assume that (G;);¢; is a family of closed, connected, subgroups
of G. Then the subgroup H generated by them is closed and connected. There is an
integern > 0anda = (a(l), ... ,a(n)) € I" such that H = Gaqy...Gam);

(ii) If, moreover, G is an F-group and all G; are F-subgroups then H is an F-
subgroup.

If H and K are subgroups of G, we denote by (H, K) the subgroup generated by

the commutators xyx~!y~! withx € H,y € K.

2.2.8. Corollary. (i) If H and K are closed subgroups of G one of which is con-
nected, then (H, K) is connected;

(ii) If, moreover, G is an F-group and H, K are F-subgroups then (H, K) is a con-
nected F-subgroup.

Assume that H is connected. Then (i) follows by applying 2.2.6 with I = K, all
X being H, with ¢; (x) = xix~'i~'(i € K). The statement of (ii) follows from 1.9.1
(iv), using that by 2.2.6 (H, K) is the image under an F-morphism (H x K)" — G.
In particular, the commutator subgroup (G, G) of a connected F-group is a connected
F-subgroup. ]

2.2.9. Exercises. (1) (a) Give another proof of the connectedness of SO, in character-
istic # 2 (see 2.2.2 (2)) using 2.2.7 and the fact that O, is generated by ‘symmetries’
(see [Jac4, p. 353].

(b) Prove by a similar argument that Sp,,, is connected for arbitrary k, using that
Sp,, is generated by ‘symplectic transvections’, see [loc. cit., p. 373]).
(2) (char(k) # 2) The complement of SO, in O, is irreducible and generates O,,.
Deduce that in 2.2.6 the condition e € Y; cannot be omitted.
(3) Let G be a connected F-group and let n be an integer > 2. The subgroup G™ of
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G generated by the n-th powers of its elements is a connected normal F-subgroup.
(4) Show by a counterexample that 2.2.8 (i) is not true if neither H nor K is con-
nected. (Hint: take H and X finite.)

2.3. G-spaces

2.3.1. A G-variety, or a G — space, is a variety X on which G acts as a permu-
tation group, the action being given by a morphism of varieties. More precisely,
there is a morphism of varieties a : G x X — X, written a(g, x) = g.x, such that
g.(h.x) = (g.h).x, ex = x. If, moreover, G is an F-group and X is an F-variety,
then X is a G-space over F if a is defined over F. A homogeneous space for G is a
G-space on which G acts transitively.

Let X and Y be G-spaces. A morphism ¢ : X — Y is a G-morphism, or is said
to be equivariant, if $(g.x) = g.¢(x)(g € G, x € X).

Let X be a G-space and let x € X. The orbit of x is the set G.x = {g.x | g € G}.
The isotropy group of x is the closed subgroup G, = {g € G | g.x = x} (check that
G, is closed).

2.3.2. Examples. (1) X = G and G acts by inner automorphisms: a(g, x) = gxg~'.
The orbits are the conjugacy classes of G and the isotropy groups are the centralizers
of elements of G.

(2) X = G and G acts by left (right) translations: a(g, x) = gx (resp. xg~!). This is
an example of a homogeneous space, even of a principal homogeneous space or tor-
sor, where the isotropy groups are trivial (which means that the action of G is simply
transitive).

(3) Let V be a finite dimensional vector space over k. A rational representation of G
in V is a homomorphism of algebraic groups r : G — GL(V) (see 2.1.5 (1)). We
also say that V is a G-module (it being understood that r is also given). In this case
we can view V as an affine algebraic variety isomorphic to A%™V, with a G-action
defined by g.v = r(g)v (g € G, v € V). We also have a structure of G-variety on the
projective space P(V) of 1.7.2 (2).

If G is an F-group, a rational representation over F is a homomorphism of al-
gebraic groups G — GL(V) which is defined over F, where now V is a finite di-
mensional vector space with an F-structure, the F-group GL(V) being as in 2.1.5
1.

Another version of the definition of a rational representation of G is: a homomor-
phism of algebraic groups r : G - GL,, for some n > 1.

Assume the situation of 2.3.1.

2.3.3. Lemma. (i) An orbit G.x is open in its closure;
(ii) There exist closed orbits.
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Application of 1.9.5 to the morphism g + g.x of G to X shows that G.x con-
tains a non-empty open subset U of its closure. Since G.x is the union of the open
sets g.U(g € G), the assertion (i) follows. It implies that for x € X, the set
S, = G.x — G.x is closed. It is a union of orbits. By 1.1.5 (ii) there is a mini-
mal set S;. Because of (i) it must be empty. Hence the orbit G.x is closed, proving
(ii). m|

The lemma implies that an orbit G.x is a locally closed subset of X (see 1.9.6 (1)),
i.e., an open subset of a closed subset of X. It then has a structure of algebraic variety
(use 1.6.10 (4)). It is immediate that this is a homogeneous space for G.

2.3.4. Exercises. (1) Let G be a closed subgroup of GL,. Then A" has a struc-
ture of G-space. Determine the orbits for G = GL,, D,, SL,, (see 2.1.4 (4)).

(2) There is an action of G = GL, on the projective line P! (see 2.3.2 (3)), which
makes P! into a homogeneous G-space. Describe the isotropy group of a point. The
diagonal action of G on P! x P! is not homogeneous. In fact, there are two orbits.
(3) Generalize the results of the previous exercise to GL,, acting on P*~!,

2.3.5. From now on we assume that G is a linear algebraic group. Let X be an
affine G-space, with actiona : G x X — X. We have k[G x X] = k[G] ®; k[X] and
a is given by an algebra homomorphism a* : k[X] — k[G] ® k[X] (see 1.4.7). For
g €G,x € X, f €k[X]define

(@) fx) = f(g™'x).

Then s(g) is an invertible linear map of the (in general infinite dimensional) vector
space k[X] and s is a representation of abstract groups G — GL(k[X]). The next
result will imply that s can be built up from rational representations (see 2.3.9 (1)).

2.3.6. Proposition. Let V be a finite dimensional subspace of k[ X].

(i) There is a finite dimensional subspace W of k[ X] which contains V and is stable
under all s(g) (g € G);

(ii) V is stable under all s(g) if and only if a*V C k[G] ® V. If this is so, s defines a
map sy : G X V — V which is a rational representation of G ;

(iii) If, moreover, G is an F-group, X is an F-variety, V is defined over F (see 1.3.7)
and a is an F-morphism then in (i) W can be taken to be defined over F.

It suffices to prove (i) in the case that V = kf is one dimensional. Let

a*f =) u; ® fi (u; € kG, fi € k[X]).
i=1
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Then
@@ = fg7'x) =) wi@™)fix),
i=1

and we see that all s(g) f lie in the subspace W’ of k[X] spanned by the f;. The
subspace W of W’ spanned by the s(g) f then has the properties of (i).

By a similar argument we see thatif a*V C k[G]® V the space V is s(G)-stable.
Now assume that V is s(G)-stable. Let (f;) be a basis of V and extend it to a basis
(fi) U (gj) of k[X]. Let f € V and write

af=) w®fi+) v;®g
where u;, v; € k[G]. Then
s@F =) ui@ NV fi+ Y vig Mg

Our assumption implies that v;(g~") = O for all g, hence all v; vanish. This proves
the first point of (ii). The second point is now immediate. The proof of (iii) is a copy
of that of (i) and can be skipped. O

We now consider the case that G acts by left or right translations on itself (see 2.3.2
(2)). For g, x € G, f € k[G] define

@) )(x) = f(g7 %), (p(g)f)(x) = f(xg).

Then A and p are representations (of abstract groups) of G in GL(k[G]), even in the
group of algebra automorphisms of k[G]. If ¢ is the automorphism of k[G] defined by
inversion (see 2.1.2), then p = toAot~!. The representations A and p are faithful, i.e.,
have trivial kernel. If, for instance, A(g) = id, then f(g!) = f(e) for all f € k[G],
whence g = e.

2.3.7. Theorem. (i) There is an isomorphism of G onto a closed subgroup of some
GL" ;
(ii) If G is an F-group the isomorphism of (i) may be taken to be defined over F.

By 2.3.6 (i) we may assume that k[G] = k[ f1, ... , fu], where (f;) is a basis of a
p(G)-stable subspace V of k[G].

By 2.3.6 (ii) there exist elements (m;;)1<; j<n in k[G] with

p(®)fi=) mji®)f (g €G).
j=1
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Then ¢(g) = (m;j(g))1<i,j<n defines a group homomorphism ¢ : G — GL,. If
¢(g) = ethen p(g) f; = f; for all i. Since p(g) is an algebra homomorphism and
since the f; generate k[G] it follows that p(g)f = f forall f € k[X] and g = e.
Hence ¢ is injective. Also, ¢ is a morphism of affine varieties. The corresponding
algebra homomorphism

¢* : k[GL,] = k[T;;, D™'1 — k[G]

(notations of 2.1.4 (3)) is given by ¢*T;; = m;;, ¢*(D") = det(m;;)~".
From

fi®) =) _mji(g) fi(e)
J

it follows that ¢* is surjective. By 2.2.5 (ii), ¢ (G) is a closed subgroup. Its algebra is
isomorphic to k[GL,]/Ker ¢*, hence is isomorphic to k[G]. It follows that ¢ defines
an isomorphism of algebraic groups G =~ ¢(G). This proves (i). The easy proof of
(ii) is omitted. O

2.3.8. Lemma. Let H be a closed subgroup of G. Then

H={geG|AMg)Ic(H)=Ic(H)}={g€G|p(&)Ic(H)=1Ic(H)}

The notations are as in 1.3.2. It suffices to prove this for A. If g,h € H, f €
TIc(H) then (A(g) f)(h) = f(g~'h) = 0, whence A(g) f € Zs(H). Conversely, if
this is so then f(g~™") = (A(g) f)(e) =O0forall f e Ig(H)and g € H. O

2.3.9. Exercises. (1) In the situation of 2.3.5 there exists an increasing sequence
of finite dimensional subspaces (V;) of k[ X] such that (a) each V; is stable under s(G)
and s defines a rational representation of G in V;, and (b) k[X] = Ui Vi.

(2) Let X be an affine G-variety. There is an isomorphism ¢ of X onto a closed sub-
variety of some A” and a rational representation r : G — GL,, such that ¢(g.x) =
r(g)¢(x) (g € G, x € X) (Hint. adapt the proof of 2.3.7 (i)).

2.4. Jordan decomposition

2.4.1. We begin by recalling some results from linear algebra. Let V be a finite
dimensional vector space over k. An endomorphism a of V is semi-simple if there is
a basis of V consisting of eigenvectors of a. So with respect to this basis, a is repre-
sented by a diagonal matrix. We say that an endomorphism a is nilpotent if a* = 0
for some integer s > 1 and that a is unipotent if a — 1 is nilpotent. Notice that if the
characteristic p of k is non-zero, a is unipotent if and only if a”" = 1 for some integer
s> 1.
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We denote by End(V) the algebra of endomorphisms of V. The group of its in-
vertible elements is GL(V). Choosing a basis of V we may identify End(V) with an
algebra M,, of n x n-matrices with entries in k and GL(V) with GL,,.

24.2. Lemma. Let S C M,, be a set of pairwise commuting matrices.

(i) There exists x € GL, such that xSx™' consists of upper triangular matrices;

(ii) If all matrices of S are semi-simple there is x € GL, such that xSx~! consists of
diagonal matrices.

The assertions are obvious if all elements of S are multiples of the identity. If
not, there is s € S with an eigenspace that is a non-trivial subspace W of V = k”".
Because of our assumptions, W is S-stable. By induction on n, we may assume that
an assertion like (i) holds for the endomorphisms induced by S in W and V/W. Then
(i) follows. (ii) is proved similarly, writing V as a direct sum of eigenspaces of s. O

2.4.3. Lemma. (i) The product of two commuting semi-simple (nilpotent, unipo-
tent) endomorphisms of V is semi-simple (respectively: nilpotent, unipotent);

(ii) Ifa € End(V), b € End(W) are semi-simple (nilpotent, unipotent) then the same
istruefora® b e End(V® W),a®be End(VQ W),

(iii) If a € End(V),b € End(W) are semi-simple (nilpotent) then the same is true
fora®1+1Q@be€ End(VQW).

The assertion about semi-simple endomorphisms of (i) follows from 2.4.2 (ii).
The easy proofs of the other assertions are left to the reader. a

2.4.4. Proposition. Leta € End(V).
(i) There are unique elements a;,a, € End(V) such that a; is semi-simple, a, is
nilpotent, a;a, = ana; and a = a; + a, (additive Jordan decomposition of a);
(ii) There are polynomials P, Q € k[T] without constant term such that a; = P (a),
an = Q(a);
(iii) If W C V is an a-stable subspace of V, then W is also stable under a; and a,
and alw = as|lw + a,|w is the additive Jordan decomposition of the restriction a|w.
A similar result holds for the endomorphism of V /W induced by a;
(iv) Let ¢ : V — W, b € End(W) be linear maps. If p oa = b o ¢ then
¢poa;=bs;o¢, poa, =b, 0.

Letdet(T.1 —a) = I(T —a;)™ be the characteristic polynomial of a, the a; being
the distinct eigenvalues of a. Put

Vi={xeV](a-a)x =0}

The V; are non-zero a-stable subspaces. By the Chinese remainder theorem there
exists P € k[T] with

P(T)=0(mod T), P(T) =a; (mod (T — a;)") for all i.
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Put a; = P(a). Since P(a;) = a; the eigenvalues of a; are the same as those of
a. Also, a;, stabilizes all V; and the restriction of a; to V; is scalar multiplication by
a;. It follows that the V; are the eigenspaces of a; and that V is their direct sum. We
conclude that a; is semi-simple and that a—aj is nilpotent. The assertions of (i) and (ii)
now readily follow, except for the uniqueness statement. To prove this, leta = b;+b,
be a second decomposition with the properties of (i). From (ii) we infer that b; and b,
commute with a; and a,. From 2.4.3 (i) we conclude that a; — by = b, — a, is both
semi-simple and nilpotent, hence must be zero, establishing the uniqueness.

If W is as in (iii) it is clear from (ii) that a; and a, stabilize W. Now observe
that the characteristic polynomial of a|w divides the characteristic polynomial of a. It
follows that the polynomial P introduced above can also serve for a|w. The assertions
of (iii) about V follow. For V /W the arguments are similar.

To prove (iv) we use that ¢ has a factorization

VoVoeW->W.

The first map is v — (v, @ (v)); it is injective. The second map is projection, it is
surjective. An easy argument shows that it suffices to prove (iv) if ¢ is either injective
or surjective. These cases are taken care of by (iii). m|

2.4.5. Corollary. Let a € GL(V). There are unique elements a;,a, € GL(V)
such that as is semi-simple, a, is unipotent and a = a;a, = a,a; (multiplicative Jor-
dan decomposition of a). We have properties similar to those of 2.4.4 (iii) with a,
instead of ay,.

Let a = a; + a, be the additive Jordan decomposition of a. Since a is invertible
it has no eigenvalue 0. From the proof of 2.4.4 we see that a; is invertible. It follows
from 2.4.4 that a; and a, = 1 + a_"'a, have the required properties. Conversely, if a;
and a, are as in 2.4.5 then a = a; + a;(a, — 1) is the additive Jordan decomposition
of a. The corollary follows from these observations. a

We call a;, a,(a,) the semi-simple, nilpotent, (unipotent) parts of a € End(V)
(resp. GL(V)).
2.4.6. Corollary. Let a = asa,,b = bsb, be the Jordan decompositions of a €
GL(V)andb € GL(W). Thena® b = (a; ® bs) + (a, D b,) is the Jordan decompo-
sition ofa®b € GL(V®W) and a®b = (a;®b;)(a,®b,) that of a®b € GL(VQW).

This follows from 2.4.3 (ii). )

2.4.7. Let V be a not necessarily finite dimensional vector space over k. We de-
note again by End(V) and GL (V) the algebra of endomorphisms of V and the group
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of its invertible endomorphisms. We say that a € End(V) is locally finite if V is a
union of finite dimensional a-stable subspaces. We say that a is semi-simple (resp.
locally nilpotent) if its restriction to any finite dimensional a-stable subspace is semi-
simple (resp. nilpotent). If a is semi-simple, it is also semi-simple according to the
definition of 2.4.1 (check this). For a locally finite a € End(V) we again have an
additive Jordan decomposition a = a; + a, as in 2.4.4 (i), with locally finite a; and a,
such that a; is semi-simple and a, locally nilpotent. To define a;x and a,x forx € V,
take a finite dimensional a-stable subspace W containing x and put

asx = (alw)sx, ayx = (a|lw)ux.

It follows from 2.4.4 (iii) that this definition is independent of the choice of W and that
a; and a, are as required. Similarly, we have a multiplicative Jordan decomposition
a = asa, if a € GL(V) is locally finite. Here a, is locally unipotent, i.e., a, — 1 is
locally nilpotent. We have obvious analogues of 2.4.4 (iii), (iv) and 2.4.6 (for locally
finite b).

Now let G be a linear algebraic group and put A = k[G]. Letg € G. By 2.3.9(1)
the right translation p(g) is a locally finite element of GL(A). So we have a Jordan

decomposition p(g) = p(8)s0(8)u-

2.4.8. Theorem. (i) (Jordan decomposition in G) There are unique elements g, 8, €

G such that p(8)s = p(8s5), p(8)u = p(8y) and & = 8584 = 8u8s’
(i) If ¢ : G — G’ is a homomorphism of algebraic groups, then ¢(g); = ¢(g;),

é(8)u = d(8u);
(iii) If G = GL,, then g; and g, are the semi-simple and unipotent parts of 2.4.5

(with V. = k™).

The elements g; and g, of (i) are called the semi-simple part and the unipotent
partof g € G.

Asin2.12letm : A® A — A be the homomorphism defined by multiplication.
Since p(g) is an algebra automorphism we have

mo (p(g) ® p(g)) = p(g) om.
From 2.4.4 (iv) (applied to m) and 2.4.6 it follows that

mo (p(g)s ® p(g)s) = p(g)s om.

This means that p(g); is also an automorphism of A, hence f — (0(g);f)(e) defines
a homomorphism A — k, i.e., a point g; of G. Since p(g) commutes with all left
translations A(x), x € G (which are locally finite) we have by 2.4.4 (iv) for f € A

P)s )x) = Ax"Np(@)s f)(e) = (p(@)sA(x™ M) f)le) = A(x™) F)(gs) = f(xgs),
and we see that p(g); = p(gs).
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One obtains in the same way an element g, € G with p(g), = p(g,). The
remaining assertions of (i) now follow from the fact that p is a faithful representation
of G.

A homomorphism of algebraic groups ¢ : G — G’ can be factored:

G->Im¢—> G

Using 2.2.5 (ii) it follows that it suffices to prove (ii) in two special cases:
(a) G is a closed subgroup of G’ and ¢ is the inclusion map. Let k[G] = k[G']/I. By
2.3.8

G={geG |pl=1I}

The assertion (ii) now follows from 2.4.4 (iii).

(b) ¢ is surjective. In this case k[G’] can be viewed as a subspace of k[G] (see 1.9.1
(ii)), which is stable under all p(g) (g € G). Again, the assertion of (ii) follows from
2.4.4 (iii).

Let G = GL(V) with V = k". Let f be a nonzero element of the dual space VV. For
v € V define f(v) € k[G] by

f)(®) = f(gv).

Then f is an injective linear map V — k[G] and it is immediate that for g € G, v €
1%

fgv) = p(g) f(v).

From 2.4.4 (iv) we conclude that

f(gsv) = p(g)s f(v),

and similarly for g,. This implies (iii). |

2.49. Corollary. x € G is semi-simple (resp. unipotent) if and only if for any
isomorphism ¢ of G onto a closed subgroup of some GL, we have that ¢ (x) is semi-
simple (resp. unipotent).

2.4.10. Exercises. Notations of 2.4.8.

(1) Show that A(x)s = A(x;), A(x), = A(xy).

(2) The set G, of unipotent elements of G is closed.

(3) Show by an example that the set G; of semi-simple elements of G is not necessar-
ily open or closed.

2.4.11. Let F be a subfield of k and G an F-group. If x € G(F) then x; and x,
need not lie in G(F'). Here is an example.
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Assume that char(k) = 2 and that F # F2, so F is non-perfect. Let G = GL,. If

a € F — F? then
01
a 0

Ja 0
(% Ju):
which does not lie in G (F). If, however, F is a perfect field, then the semi-simple and
unipotent parts of an element of G(F) also lie in G(F). We postpone the proof (see
12.1.7 (c)).
The linear algebraic group G is unipotent if all its elements are unipotent. An

example is the group U, of 2.1.4 (4). The next result implies that any unipotent group
is isomorphic to a closed subgroup of some U,.

has the semi-simple part

2.4.12. Proposition. Let G be a subgroup of GL, consisting of unipotent matri-
ces. There is x € GL, such that xGx~' c U,,.

Put V = k". Then G is a group of unipotent linear maps of V. Use induction
on n. If there is a non-trivial subspace W of V with G.W = W, then the statement
follows by induction. We are left with the case that such a W does not exist, i.e., that
G acts irreducibly in V. In this case we know by Burnside’s theorem [La2, Ch. XVII,
§3] that the elements of G span the vector space End (V) of endomorphisms.

If g € G we have Tr(g) = n. It follows that Tr((1 — g)h) = Ofor g, h € G.
But then this equality holds for all # € End(V'), which can only be if g = 1. Hence
G = {1} and the assertion is trivial. O

Recall that a group H is nilpotent if there is an integer n such that all iterated
commutators (xi, (...(Xn—1, X»)...)) equal e (as before, (x,y) = xyx~'y~!). Sucha
group is solvable (see [Jac4, p. 243, ex. 6].

2.4.13. Corollary. A unipotent linear algebraic group is nilpotent, hence solvable.

Using 2.3.7 (i) the proposition reduces the proof to verifying that a group U,, of
unipotent upper triangular matrices is nilpotent. Verification is left to the reader. O

A consequence of 2.4.12 is the fact that if G is a unipotent linear algebraic group
and G — GL(V) a rational representation, there is a non-zero vector in V fixed
by all of G. This fact is used to prove the following geometric result (theorem of
Kostant-Rosenlicht).
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2.4.14. Proposition. Let G be a unipotent linear algebraic group and X an affine
G-space. Then all orbits of G in X are closed.

Let O be an orbit. Replacing X by the closure O we may assume that O is dense
in X. By 2.3.3 (i), O is also open. Let Y be its complement. The group G acts locally
finitely on the ideal Zx(Y) (by 2.3.6 (i)), and there is a non-zero function f in this
ideal fixed by the elements of G. But then f is constant on O. Since O is dense, f is
constant on all of X. Hence Zx(Y) = k[X] and O = X, as asserted. O

2.4.15. Exercise. Let G be a subgroup of GL, which acts irreducibly in V = k”".
Show that the only normal unipotent subgroup of G is the trivial one.

2.5. Recovering a group from its representations

2.5.1. The results of this section, which will not be used in the sequel, illustrate
the elementary theory of linear algebraic groups.

We keep the notations of the preceding sections. Let G be a linear algebraic group.
Recall (see 2.3.2 (3)) that a rational representation of G is a finite dimensional vector
space V (called a G-module) together with a homomorphism of algebraic groups
ry : G > GL(V). We denote by I the trivial G-module: I = k and r;(g) = 1 for all
g€q.

A homomorphism of G-modules V — W is a linear map ¢ which is equivariant,
i.e., satisfiesp ory(g) =rw(g)o ¢ forall g € G.

If V is a G-module the dual vector space V" is a G-module: if (, ) (or (, )y)is
the duality pairing, thenforg € G, x € V, u e VV

(rv(g)(x), rvv(8)(w)) = (x,u).

If V and W are G-modules the tensor product V ® W has a natural structure of G-
module, with rygw =ry @ rw.

As in 2.4.7 we define locally finite G-modules and their G-homomorphisms. An
example is A = k[G], the representation of G being p, the action by right translations.

2.5.2. Lemma. Let V be a G-module. Forv e V,u € VY, g € G define ¢,(v)(g) =
(rv(g)v,u). Then ¢,(v) € A and ¢, is a homomorphism of G-modules V — A.

¢.(v) can be viewed as a matrix element of a representation G — GLgjn v, SO
lies in A. The equivariance of ¢, is obvious from the definitions. O

2.5.3. Theorem. [Tannaka’s theorem] Assume given for any finite dimensional G-
module V an element oy € G L(V) such that the following holds:
(a) If V and W are G-modules then aygw = ay ® ay,
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(b)if¢p : V — W is a homomorphism of G-modules then ¢ o ay = ay o @,
(c)o; =1.
Then there is x € G with ay = ry(x) for all G-modules V.

We begin the proof by defining ay for a locally finite G-module V. Let v € V and
let W be a finite dimensional G-stable subspace of V containing v. Define ay (v) =
aw (v). Then ay is well-defined. It is an invertible linear map of V. These maps have
the properties (a) and (b) (check these facts).

Consider the locally finite G-modules A (for the representation p) and A ® A (for
o @ p). The multiplication mapm : A® A — A of 2.1.2 is G-equivariant. Put
a = ay4. By (a) and (b) we have m o (@ ® @) = «a o m. This means that « is an
automorphism of the algebra A. It follows that there is an automorphism ¢ of the
affine variety G such that (af)(g) = f(¢g) for f € A, g € G.

Next consider the homomorphism A : A - A ® A of 2.1.2. Then (Af)(g, h) =
f(gh) (f € A,g,h € G). It follows that A o p(g) = (Id® p(g)) o A (g € G).
Let B be the locally finite G-module A ® A, withrg =id® p. Then A : A — B is
equivariant. By the properties (a), (b), (c) we have ¢p = id ® a. We conclude from
(b) that Ao = (id®«a) o A, which means that for g, 2 € G we have ¢(gh) = g¢ (h).
Put x = ¢(e). Then ¢(g) = gx and ¢ = p(x).

Now let V be a finite dimensional G-module. For any u in the dual V" we have
the G-homomorphism ¢, : V — A of 2.5.2. By property (b) we know that

duoay =ao¢u =p(x)o¢u.

This means that for g € G, v € V we have

(rv(g)ay (v), u) = (rv(gx)v, u).

Since u € V'V is arbitrary we can conclude that ¢y = ry(x). O

2.5.4. The theorem implies that one can recover the algebra A from the rational rep-
resentations of G. We now discuss the explicit description of A in terms of represen-
tations.

Let V be a finite dimensional G-module. For v € V,u € VY define a linear map
Yy : VVY > Aby Yy(v ® u) = ¢,(v), where ¢, is as in 2.5.2. We have the
following properties.

@) If¢ : V — W is a homomorphism of G-modules then the maps ¥y o (id ® ¢V)
and Yy o (¢ ® id) of V @ WY to A coincide.

Here ¢¥ : WY — VV is the transpose of ¢. This property is a reformulation of
the equality (v, ¢V (1)) = (¢(v), u), wherev e V,u € WV,

Next let V and W be two G-modules. There are canonical isomorphisms
(VRW)>2VVeW andc: (VOIW)Q(VRIW) = (VRVV)IQ (W WY).
As before,m : A® A — A is the multiplication map.

(b) Yvew =mo (Yv @ Yw) oc.
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Property (b) means that forv e V,w € W,u € VV,t € WY we have
(VQw,u®tlvew = (v, u)v(w,t)w.

This relation describes the canonical isomorphism between (V ® W)Y and VYV @ WV,

2.5.5. Let F be the direct sum of the vector spaces V ® VY, where V runs through
all finite dimensional G-modules V. Denote by iy : V ® VY — F the canonical
injections and by R the subspace of F spanned by the elements iy (id ® ¢¥)(z) —
iw(¢ ®id)(z). Here ¢ : V — W is any homomorphism of G-modules and z runs
through V@ WY. Put A = F/R. Forv € V,u € VV denote by ay (v ® u) the image
in Aofiy(v® u). If ¢ is as before, then forv e V,u € WV

av(v ® 9" () = aw (¢ (v) ® u). (D

We define a multiplication of these elements. Letv € V,w € W,u € VV,t € WV.
Then

ay(V@u)aw(w®t) =avegw (v w) @ (1 ®1)). (2)

This product is well-defined, and defines a structure of commutative, associative al-
gebra on A. The identity element is provided by the trivial representation /. We leave
it to the reader to check these statements. Notice that the properties of ay reflect the
properties (a) and (b) of 2.5.4 of the maps yy.

2.5.6. The homomorphisms of algebraic groups G — G,, form an abelian group
X, the character group of G. If V is a one dimensional G-module, there is a unique
X € X such that g.v = x(g)vforg € G,v € V. Then V ® VV has a canonical
basis element eygyv, namely v ® u, where v € V,u € VV and (v, u) = 1. We write
a(x) = ay(eygyv). Then a is a homomorphism of X onto a subgroup of the set of
invertible elements of A.

If V is a finite dimensional G-module of dimension d we have the canonical
homomorphism ¢ : ®d V > /\d V with¢(v; ® ... ® vg) = v; A ... A vy Identify
(A? V)Y with A%(VY) via the pairing

(Vi AL A Vg, U AL Aug) = det((ug, v)).
Then

¢V(u| A..ANug) = z(sgn sy @ ... @ Usa),
SESy
where sgn s is the sign of the permutation s. Let dety be the character defined by the
one dimensional G-module /\d V. It follows from (1) and (2) that for v; € V, u; €
VY (1 <,ij, <d) we have

det(ay (v ® uj)) = det({v;, uj))a(dety). 3)
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2.5.7. Theorem. (i) A is a k-algebra of finite type;

(ii) There is a surjective algebra homomorphism ® : A — A such ® o ay = Yy for
all G-modules V;

(iii) The kernel of ® is the ideal of nilpotent elements of A.

Let V be a G-module. Fix a basis (4;)1<i<q of VY. It follows from 2.5.2 and
the local finiteness of A that there is a finite dimensional G-submodule W of A such
that, for all i, the images of the maps ¢,, of 2.5.2 lie in W. These maps then define
an injective G-homomorphism ¢ : V — W¢9. Since ¢" is surjective, an element
av(v@u)isasum Y ., aw(w; ® ;). It follows that A is generated by the images
of the ay, where V is a finite dimensional G-submodule of A. Fix such a V which
generates A as an algebra and contains 1. The product in A defines for any integer
n > 1 a G-equivariant surjective linear map ¢, of V®" onto a finite dimensional
G-submodule V, of A. We have V,, C V,41and A =, Va.

Now let W be any finite dimensional G-submodule of A. It is contained in a Va,
whence

Imaw C Imay, C Im ayen

(the second inclusion follows from the surjectivity of ¢,). The multiplication rules in
A show that Im ayen lies in the subalgebra generated by Im ay. It follows that this
subalgebra must be the full algebra .A. This proves (i).

Using property (b) of 2.5.4 we see that there exists an algebra homomorphism
A — A which maps ay (v, ) to ¥y (v, u), for all V. This implies (ii).

Fix an algebra homomorphism & : A — k. Let V be a G-module. Fix bases (v;)
and (u;) of V resp. VV. There is an endomorphism cy of V such that (ayv;, u;) =
§(ay(vi ® uj)). From (3) we see that det(ay (v; ® u;)) is an invertible element of
A. Hence ay is an invertible linear map. It now follows that the oy satisfy the as-
sumptions of Tannaka’s theorem. The conclusion of that theorem shows that there
is a homomorphism x : A — k (i.e., a point x of G) such that £ = x o ®. Let
N = ,/{0} be the ideal of nilpotent elements of .A. There is an affine variety X with
k[X] = A/N. Then ® induces a morphism of G onto a closed subvariety of X. But
we have seen that these varieties have the same points. This can only be if A/N is
isomorphic to A, which establishes (iii). ]

2.5.8. Remarks. (1) We can also recover the comultiplication A : A > A® A
and the antipode ¢ : A — A of 2.1.2 from similar homomorphisms for .A.

Let V be a G-module. Let (v;) be a basis of V and denote by (u;) the dual basis of
VY (so (v;, uj) = 8;j). Denote by A the linear map A — A ® A sending an element
ay(v®u)to Y ;ay(v ® u;) ® ay(v; @ u). It can be checked that A is an algebra
homomorphism and that (® @ ®) 0 A = A o .

Define a homomorphism 7 : 4 — A by i(ay(v ® u)) = ayv(u @ v). Then 7
induces the antipode ¢ of A.
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(2) In fact, A and 7 have the properties of 2.1.2. This means that A and these homo-
morphisms define a group scheme over k (2.1.6 (a)). If char k = O the algebra A is
reduced by a theorem of Cartier [DG, p. 255]. In that case the homomorphism ® of
2.5.7 is an isomorphism.

2.5.9. Exercises. (1) Let F be a subfield of k. If G is an F-group then the alge-
bra A of 2.5.6 can be given an F-structure.
(2) Check the statements of 2.5.8.

Notes

The name ‘algebraic group’ (or rather ‘groupe algébrique’) seems first to occur in
the work of E. Picard on the Galois theory of linear differential equations (around
1880). The Galois groups occurring in that work are, indeed, linear algebraic groups
over C. Kolchin’s work on algebraic groups of 1948 (in [Kol1, Kol2]) was also mo-
tivated by the Galois theory of linear differential equations. His results were taken
up by Borel in his fundamental paper [Bol]. Here the emphasis is on the analogy
between Lie groups and linear algebraic groups.

The results of Sections 2 and 3 are contained in [Bol, Ch. 1]. Several of the
results (for example 2.2.1) go back to Kolchin (see [Koll, Kol2]). The useful result
2.2.6 is due to Chevalley (see [Ch1, Ch. II, §7]).

The existence of closed orbits in a G-space (see (2.2.3 (ii)) was proved in [Bol,
15.4]. This simple result is a cornerstone of the theory of linear algebraic groups. For
example, it is needed in the proof of the crucial fixed point theorem 6.2.6. It should
be noted that the algebraicity of the action is essential: a complex Lie group acting on
a complex variety need not have closed orbits.

Theorem 2.4.8 about the Jordan decomposition in a linear algebraic group was
proved in [Bol, Ch. 2]. It is also a consequence of 3.1.1, which was first proved
in [Kol2, §3]. The proof given here shows that the theorem is, essentially, a formal
consequence of the functorial property 2.4.4 (iii) of the Jordan decomposition of a
linear map.

Tannaka’s theorem 2.5.3 goes back to [Tan], where a similar result is proved for
compact Lie groups. The aim of [Tan] was to establish an analogue for such groups of
Pontryagin duality in abelian topological groups. The results of 2.5 should nowadays
be viewed in the context of the theory of tensor categories, which we did not go into.
See [DelM, Del].



Chapter 3

Commutative Algebraic Groups

This chapter deals with results about commutative linear algebraic groups which are
basic for the theory of the later chapters. The important tori are introduced in 3.2, and
we prove the classification theorem 3.4.9 of connected one dimensional groups. The
notations are as in the previous chapter.

3.1. Structure of commutative algebraic groups

3.1.1. Theorem. Let G be a commutative linear algebraic group.
(i) The sets G5 and G, of semi-simple and unipotent elements are closed subgroups;
(ii) The product map w : G5 x G, — G is an isomorphism of algebraic groups.

We may assume that G is a closed subgroup of GL,, for some n. From 2.4.3 (i) we
see that G; and G, are subgroups and by 2.4.10 (2) G, is closed. It follows from 2.4.2
(ii) that there exists a direct sum decomposition of V = k", say V = € V;, together
with homomorphisms ¢; : Gy — k* such that g.v = ¢;(g)vif g € G,v € V;. The
V; are G-stable. Applying 2.4.2 (i) to the groups induced by G in the V; we arrange
things such that G C T,, G; = G N D, (notations of 2.1.4). This shows that G, is
closed, whence (i).

The uniqueness of the Jordan decomposition in G implies that 7 is an isomor-
phism of abstract groups. It is also a morphism of algebraic varieties. The map
sending x € G to its semi-simple part x; is also a morphism, since it maps x to a set
of its matrix elements. Hence 7~' : x > (x;, x'x) is a morphism, which proves

(ii). O
3.1.2. Corollary. If moreover G is connected then the same holds for G; and G ,.

G, and G, are images of the connected space G under continuous maps. a

3.1.3. Proposition. Let G be a connected linear algebraic group of dimension one.
(i) G is commutative;

(ii) Either G = G;0or G =G ,;

(iii) If G is unipotent and p = char k > 0 then the elements of G have order dividing
D

Fix g € G and consider the morphism ¢ : x — xgx~' of G to itself. By 1.2.3
(i) the closure ¢G is an irreducible closed subset of G. Using 1.8.2 we conclude that
this set is either {g} or G. Assume we have the latter case. By 1.9.5 the complement
G — ¢G is finite. View G as a closed subgroup of some GL,. Then there are only
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finitely many possibilities for the characteristic polynomial det(T.1 — x) of x € G.
The connectedness of G implies that this characteristic polynomial is constant, and
equal to (T — 1)". This means that G is unipotent, hence solvable (see 2.4.13). But
the commutator subgroup G’ is a connected, closed, subgroup (see 2.2.8 (i)), and can
only be {e}. Since g~'¢G C G’ we get a contradiction. It follows that G is commu-
tative.

(ii) follows from 3.1.1 and 1.8.2. Assume that G is unipotent and p > 0. Consider
the subgroups G" generated by the p”-th powers of elements of G. They are closed
and connected (2.2.9 (3)), so must be either G or {e}. Viewing G as a subgroup of
GL, we see that GP") = {e} if p" > n. This can only be if G'?) = {e}. 0

In the rest of this chapter we shall first discuss the abelian algebraic groups whose
elements are semi-simple and then the abelian unipotent groups with the property of
3.1.3 (iii).

3.2. Diagonalizable groups and tori

3.2.1. Let G be a linear algebraic group. A homomorphism of algebraic groups
x : G — G, is called a rational character (or simply a character). The set of ra-
tional characters is denoted by X*(G). It has a natural structure of abelian group,
which we write additively. The characters are regular functions on G, so lie in k[G].
By Dedekind’s theorem [La2, Ch. VIII, §4] the characters are linearly independent
elements of k[G].

A homomorphism of algebraic groups A : G,, — G is called a cocharacter (or
multiplicative one-parameter subgroup) of G. We denote by X, (G) the set of cochar-
acters. If G is commutative X,(G) also has a structure of abelian group (written
additively). If G is arbitrary we still have in X,(G) multiplication by integers, defined
by (n.A)(a) = A(a)" (for A € X.(G), n € Z, a € k*). We write —A = (—1).A.

A linear algebraic group G is diagonalizable if it is isomorphic to a closed sub-
group of some group D, of diagonal matrices. G is an algebraic torus (or simply a
torus) if it is isomorphic to some D,,.

3.2.2. Example. G = D,. Write an element x € D, as diag(x;(x), ... , xx(x)). Then
Xi is a character of D, and we have k[D,] = k[x, ..., Xn, x,", ooy x, ). From
Dedekind’s theorem we see that the monomials x{'...x2 with (ay,...,a,) € Z"
form a basis of k[D,] and that any character of D, is such a monomial. It follows that
X*(D,) ~ Z". A homomorphism G,, — D, is of the form x — diag(x®', ..., x%
(x € k*), where the a; are integers. It follows that X, (D,) ~ Z".

3.2.3. Theorem. The following properties of a linear algebraic group G are equiva-
lent:
(a) G is diagonalizable;
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(b) X*(G) is an abelian group of finite type. Its elements form a k-basis of k[G];,
(c) Any rational representation of G is a direct sum of one dimensional such repre-
sentations.

If G is a closed subgroup of D, then k[G] is a quotient of k[D,]. Since the
restriction of a character of D, to G is a character of G, we see that the restrictions to
G of the characters of D, span k[G]. By Dedekind’s theorem they form a basis and
any character of G must be a linear combination of these restrictions. So the restriction
homomorphism of abelian groups X*(D,) — X*(G) is surjective. As X*(D,) ~ Z",
the group X*(G) is of finite type. We have proved that (a) implies (b).

Assume (b). Put X = X*(G). Denote by ¢ : G — GL (V) a rational representa-
tion in a finite dimensional vector space V. We define linear maps A, of V (x € X)
by

$(x) =) XA,
X€X
Then A, = O for all but finitely many x. From ¢(xy) = ¢(x)¢(y) (x,y € G) we
infer (using Dedekind’s theorem for G x G) that, for x, ¥ € X, we have A, A, =
8x.yAy- We also have } 5 A, = 1. Put V, =Im A,. The properties of the A, ex-
press that V is the direct sum of the non-zero V, and that x € G acts in V, as scalar
multiplication by x (x). This implies (c).
That (c) implies (a) is immediate if one views G as a closed subgroup of some GL (V)
(see 2.3.7 (i)). a

3.2.4. Corollary. If G is diagonalizable then X*(G) is an abelian group of finite
type, without p-torsion if p = char k > 0. The algebra k[G] is isomorphic to the
group algebra of X*(G).

The first point follows from (b), using that & does not contain p-th roots of unity

# 1if p > 0. The second point is implicit in the first part of the proof of 3.2.3. We
shall make it more explicit. O

3.2.5. Let M be an abelian group of finite type. The group algebra k[M] is the algebra
with basis (e(m))menm, the multiplication being defined by e(m)e(n) = e(m + n). If
M, and M, are two such groups we have

k(M ® M;] > k[M] ® k[M,]. 4)

Define homomorphisms A : k[M] — k[M]|Qk[M],.: k[M] — k[M],e : k[M] — k
by Ae(m) = e(m) ® e(m), te(m) = e(—m), e(e(m)) = 1. Assume that M has no
p-torsion if p = char k > 0.

3.2.6. Proposition. (i) k[M] is an affine algebra, and there is a diagonalizable linear
algebraic group G(M) with k[G(M)] = k[M], such that A, and e are comultiplica-
tion, antipode and identity element of G(M) (see 2.1.2);
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(ii) There is a canonical isomorphism M ~ X*(G(M));
(iii) If G is a diagonalizable group there is a canonical isomorphism G(X*(G)) ~ G.

It is well-known that M is a direct sum of cyclic groups. By (4) and 1.5.2 it
suffices to prove the first point of (i) in the cyclic case. If M is infinite cyclic then
k[M] =~ k[T, T~'], an integral domain. If M is finite of order d then p does not
divide d (if p > 0) and k[M] ~ k[T]/(T¢ — 1). Since the polynomial T¢ — 1 does
not have multiple roots, this is a reduced algebra. To complete the proof of (i) we have
to verify the properties of 2.1.2. We leave the verification to the reader.

The map x — e(m)(x) (m € M,x € G(M)) defines a character of G(M), i.e.,
e(m) is a character of G(M). By Dedekind’s theorem these characters are distinct
and, since they form a basis, any character of G(M) is an e(m). It follows that the
map m +— e(m) is an isomorphism, whence (ii). A similar map induces an algebra
isomorphism k[G] — k[X*(G)], whence (iii). ]

3.2.7. Corollary. Let G be a diagonalizable group.

(i) G is a direct product of a torus and a finite abelian group of order prime to p,
where p is the characteristic exponent of k;

(ii) G is a torus if and only if it is connected;

(iti) G is a torus if and only if X*(G) is a free abelian group.

First observe that G(Z") ~ D, as follows from 3.2.2 and 3.2.6 (iii). Now X*(G)
is isomorphic to a direct sum Z" @& M, where M is finite. By (4), G is isomorphic to
the product of D, and G(M). The latter group is finite, as follows for example from
the argument of the proof of 3.2.6 (i). We have proved (i). (ii) is a consequence of (i)
and (iii) also follows. Q

3.2.8. Proposition. [rigidity of diagonalizable groups] Let G and H be diagonal-
izable groups and let V be a connected affine variety. Assume given a morphism of
varieties ¢ : V x G — H such that for any v € V the map x — ¢ (v, x) defines a
homomorphism of algebraic groups G — H. Then ¢ (v, x) is independent of v.

If Y € X*(H) then ¥ (¢ (v, x)) can be written in the form

V@@ x)= ) fry@x®),

XEX*(G)

with f, y € k[V]. For fixed v the right-hand side is a character of G. By Dedekind’s
theorem f, ,,(v) = 1 for one x and O for the others, whence ff'y,, = fy.v. The con-
nectedness of V implies that f, , = 1 for one x and O for the others (use 1.2.8 (2)). O

We give an application of the proposition. If G is an arbitrary linear algebraic
group and H a closed subgroup, we denote by Z; (H) and N (H) the centralizer and
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normalizer of H in G, i.e.

ZgH)={xeG |xyx"=yforall y € H},

Ng(H)={x € G | xHx~' = H).

These are closed subgroups of G (check this) and Z;(H) is a normal subgroup of
Ng(H).

3.2.9. Corollary. If H is a diagonalizable subgroup of G then Ng(H)° = Z;(H)"
and Ng(H)/Z(H) is finite.

The first point follows from the proposition, with V = Ng(H)?, ¢ being the mor-
phism (x, y) = xyx~! of V x H to H. The last point follows from 2.2.1 (i). a

3.2.10. Exercises. p is the characteristic exponent of k. G is a diagonalizable group
with character group X.

(1) Make diagonalizable groups and abelian groups without p-torsion into categories
and describe an anti-equivalence between these categories.

(2) Let ¢ : G — H be a homomorphism of diagonalizable groups. Denote by ¢* the
induced homomorphism X*(H) — X*(G). If ¢ is injective (surjective) then ¢* is
surjective (respectively injective).

(3) Describe a canonical isomorphism of abelian groups G >~ Hom(X, k*).

(4) For a closed subgroup H of G and a subgroup Y of X define

HY={x e X | x(H)={1}},

Yt={xeG|x(x)=1forall x € Y}).

Then (HY)* = H, and (Y1) =Y if X/Y has no p-torsion.
(5) For a positive integer n prime to p, denote by G,, the subgroup of elements of G
of order dividing n.

(@) (Gp)* =nX.

(b) The subgroup of elements of finite order is dense in G.
(6) The group of automorphisms of an n-dimensional torus is isomorphic to the group
GL,(Z) of integral n x n-matrices with an integral inverse.

We conclude this section with some material on tori. Let T be a torus. Put
X =X*T),Y = X,.(T) (3.2.1). For x € X,A € Y,a € k* the map a — x(A(a))
defines a character of the multiplicative group. By 3.2.2 (with n = 1) there is an
integer (x, A) such that x (A(a)) = a**},

3.2.11. Lemma. (i) ( , ) defines a perfect pairing between X and Y, i.e. any ho-
momorphism X — Z is of the form x — (x, M) for some . € Y, and similarly for Y.
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In particular, Y is a free abelian group;
(i) The map a @ A +— A(a) defines a canonical isomorphism of abelian groups
k*®Y ~T.

It suffices to prove this in the case T = D,. Then (i) follows from the results of
3.2.2 (check this). The proof of (ii) uses the freeness of Y. a

Let F be a subfield of k. An F-torus is an F-group which is a torus. An F-torus
T which is F-isomorphic to some D, is F-split. The study of non-split F-tori, which
requires Galois theory, is deferred to Chapter 13.

3.2.12. Proposition. (i) An F-torus T is F-split if and only if all its characters
are defined over F. If this is so the characters form a basis of the algebra F[T];

(ii) Any rational representation over F of an F-split torus is a direct sum of one
dimensional representations over F.

The proof of (i) is straightforward. (ii) is proved as 3.2.3 (c). O

3.2.13. Let T, X and Y be as before. Let V be an affine T-space. We have a lo-
cally finite representation s of T in k[V], as in 2.3.5. For x € X put

k[V], ={f €k[V]|s®).f = x(&)f forall t € T}.

It follows from 3.2.3 (c) that the subspaces k[V], define an X -grading of the algebra
k[V],ie.,

KIV] = @KV, KIVIAIVYy CVgey (o ¥ € X).

xeX

If T = G, then X = Z and we have a structure of graded algebra on £[V] in the
usual sense.

If ¢ is a morphism of varieties G,, — Z we shall write lim,_,o¢(a) = z if ¢ ex-
tends to a morphism ¢ : A! — Z with ¢(0) = z. If ¢'(a) = ¢(a~") we define
limg, o0 ¢(a) = lim,,¢ ¢/(a)'

If Visa T-space and A € Y, we denote by V(A) the set of v € V such that
lim,_, o A(a).v exists. Then V (=) is the set of v such that lim,_, o, A(a).v exists.

3.2.14. Lemma. Assume that 'V is affine.

(i) V(L) is a closed subset of V ;
(i) V(X) (N V(=A) is the set of fixed points of Im A i.e. {v € V | A(k*).v = {v}}.

Let f =}, fy with f, € k[V], be an element of k[V]. Then

s(@).f =) a*Nf,,
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from which we see that lim,_,¢ A(a).v exists if and only if v annihilates all functions
of the V, with (x,A) < 0. This proves (i). Then V(1) [} V(—2) is the set v annihi-
lating all V,, with (x, ) # O, which is also the set of v with f(A(a).v) = f(v) forall
f € k[G], a € k*, i.e. the set of fixed points. a

3.2.15. Example. Let G be an arbitrary linear algebraic group and A : G, —> G
a cocharacter. We let G,, act on G by a.x = A(a)xA(a)~' (a € k*, x € G). We de-
note by P(A) the setof x € G such that lim,_, a.x exists. It is immediate that this is a
subgroup, which by 3.2.14 (i) is closed. By 3.2.14 (ii) the intersection P(1) [ P(—A)
is the centralizer of Im A.

3.2.16. Exercises. (1) The category of G,,-modules is equivalent to the category
of finite dimensional graded vector spaces.

(2) Let A = ®,czA, be a graded affine k-algebra without zero divisors. Assume
A # Ap. Let dZ be the subgroup of Z generated by the n with A, # {0}. Choose
non-zero elements f, g and integers i, j with f € A;,g € Aj,i — j = d and let
B = Ay, (notation of 1.4.6). The grading of A induces one of B. Define an isomor-
phism By ® k[ fg~', gf ~'] ~ B and show that By is an affine algebra.

(3) Deduce from the previous exercise the following properties of a G,,-action on an
affine variety V: There is a decomposition V = [_[,.N=0 V; into disjoint irreducible lo-
cally closed pieces with the following properties:

(a) V, is the set of fixed points,

(b) For i > 0 there is an affine variety V/, an isomorphism ¢; : V/ x k* — V; and
an integer d; such that forx € V/, t,u € k* we have ¢; (x, t%u) = t.¢;(x, u),

(¢) The closure of a V; is a union of some V;.

(4) In the situation of 3.2.15 let G = GL(V). In that case there is the following de-
scription of a group P(A): there is a flag in V, i.e. a sequence of distinct subspaces
V=V>DV,D>V,D..ofVsuchthat P(1) is the group of all invertible maps of V
stabilizing all V;. (Hint: consider the case that G = GL,,, A(a) = diag(a"', ... ,a")
withhy > hy > ... > hy).

(5) An affine embedding of T is an irreducible affine T-space V containing T as an
open subvariety such that the action T x V — V extends the productmap T xT — T.
Then V is an affine toric variety.

(a) In that case there is a finitely generated sub-semigroup S of the group X which
generates X, such that k[ V'] is isomorphic to the semigroup algebra k[S]. (Hint: view
k[V] as a T -stable subspace of k[T].)

(b) Conversely, for every S with the properties of (a) there exists an equivariant
affine embedding V with k[V] = k[S]. It is unique up to isomorphism of T -spaces.
(For more about toric varieties see [Od].)
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3.3. Additive functions

3.3.1. Additive functions. An additive function on the linear algebraic group G
is a homomorphism of algebraic groups f : G — G,. The additive functions form
a subspace A = A(G) of the algebra k[G]. If F is a subfield of k and G is an F-
group, we write A(F) = A(G)(F) for the F-vector space of additive functions that
are defined over F. Notice that, if p = char k is non-zero, then the p-th power of
an additive function is again one. This fact is the reason for the introduction of a ring
over which A will be a module.

First assume that p > 0. Then ¢x = x? defines an isomorphism of F onto a
subfield FP. Recall that F is perfect if FP = F. We define a ring R = R(F) as
follows. The underlying additive group is the space of polynomials F[T] and the
multiplication is defined by

Q- arhHO b T = ai(¢'b)T™.
Then R is an associative, non-commutative ring (this is the case for any isomorphism
¢ of F onto a subfield). Notice that the subfield F of R does not lie in the center. The
degree function deg on R is as in the case of the polynomial ring F[T] and has the

usual properties. They imply that R has no zero divisors. If p = 0 then F is perfect
(by convention). We now define R = R(F) = F.

3.3.2. Lemma. Assume that p > 0. Let a,b € R and assume that deg a > 0.

(i) There exist unique elements c,d € R such that degd < dega and b = ca + d;
(ii) If F is perfect there also exist unique elements c,d with deg d < deg a and
b=ac+d.

The proof is like that of the well-known division algorithm in the polyniomial
ring F[T]. The proof of (ii) requires that one can extract p-th roots in F, whence the
perfectness assumption. O

3.3.3. Lemma. (i) Left ideals in R are principal. If F is perfect the same holds
for right ideals;

(ii) R is left noetherian. If F is perfect R is also right noetherian;

(iii) If F is perfect any finitely generated left R-module M is a direct sum of cyclic
modules. If, moreover, M has no torsion then it is free.

The assertions are trivial if p = 0, so assume p > 0. Then (i) follows from 3.3.2,
as in the case of F[T] and (ii) is a consequence of (i). In the case of (iii) let (m;)<i<s
be a set of generators of M. We have a surjective homomorphism R® — M sending
the canonical basis element e; to m;. Let K be the kernel. It follows from (ii) that K is
finitely generated, say by elements ), _; _, ajie;. By multiplying the matrix A = (a;;)
on the left and right by suitable invertible : square matrices, one reduces to the case that
a;j = 0 for i # j, in which case (iii) is obvious. The argument is the same as that in
the case of F[T], which can be found in [Jac4, p.177-178]. Because in the case of R
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both the left and right division algorithms are needed, we must require in (iii) F to be
perfect. a

3.3.4. As in 3.3.1 let A(F) be the set of additive functions of the F-group G which
are defined over F. If p > 0 we can define a structure of left R-module on A(F) by

QaTh.f=) af.

If p = 0then R = F and it is trivial that A(F) is an R-module.
As an example, take G = G}. Then F[G] = F[T\, ..., T,]. An additive function
in F[G] is now an additive polynomial, i.e. an element f € F[T\, ...T,] satisfying

f(T|+U],... ,T,,+U,,)=f(T],... ,Tp) + f(U],... U, (5)

where the T; and U; are indeterminates. The set of additive polynomials is a left R-
module A(G})(F).

3.3.5. Lemma. A(G})(F) is a free R-module with basis (T;) | <; <n.

The assertion means that an additive polynomial only involves monomials of the
form T, j, where p is the characteristic exponent. Let D; be partial derivation in
F[T, ..., T,] with respect to T;. If f is an additive polynomial, it follows from (5)
that D; f is a constant ¢; for all i. Then f — Y_ ¢;T; is another additive polynomial
g and all derivatives D; g are zero. If p > 0 this means that g involves only the p-th
powers of the variables, i.e there is a polynomial & with g = h(T?,..., T.f). But
then A is an additive polynomial of lower degree and we may assume by an induction
that it is expressible in the T, ' Hence f is as asserted. The case p = 0 is left to the
reader. a

Now let G be an arbitrary F-group.

3.3.6. Lemma. (i) If G is connected the R-module A(G)(F) is torsion free;
(i) If fi1, ..., fs are elements of A(G)(F) that are algebraically dependent over k,
then they are linearly dependent over R.

If A(G)(F) had torsion there would be a non-constant f € k[G] satisfying a
relation

P +a fP 4. tanf =0,

with coefficients in k. Such an f would take only finitely many values, which is
impossible if G is connected. This proves (i).

In the situation of (ii) there is a non-zero polynomial H € k[T, ..., Ts] with
H(fi,..., fs) = 0. Assume that H is such a polynomial with minimal degree. If
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x € G then the polynomial H(T| + f,(x),...,Ts + fs(x)) — H(T\,...,T;) also
gives an algebraic dependence between the f;, but has degree strictly smaller than that
of H. Hence it is zero. Let H (Ty, ...T,) be the coefficient of some monomial in the
indeterminates U; in

H(T|+U|9---’T:s'+US) - H(TI)--',TG) - H(UI’H',L]S)'

Then H has degree smaller than H and H (fi,..-fs) = 0. It follows that H = 0,
which means that H is an additive polynomial. Write H = )_ ¢; H;, where the H; are
additive polynomials with coefficients in F and the ¢; lie in k£ and are linearly inde-
pendent over F. Then H;(fy, ... f;) = 0 for all i, and (i) follows. m]

3.4. Elementary unipotent groups

3.4.1. We say that the unipotent linear algebraic group G is elementary if it is abelian

and, moreover, if p > 0 its elements have order dividing p. G is a vector group if

it is isomorphic to some G7. We first establish some auxiliary results, which will be

needed in the discussion of the structural properties of elementary unipotent groups.
Assume that p > 0. If n € N is a natural number we denote by

n=Zn,~pi

its p-adic expansion, where the integers n; are uniquely determined by the require-
ment 0 < n; < p. They are 0 for almost all i € N. If m,n € Nwe writen <, m
if n; < m; foralli € N. If m,n € N we write (m, n) for the binomial coefficient
m!(n!(m — n)")~', with the convention that it is zero if n > m.

3.4.2. Lemma. (i) (m,n) = []; (m;, n;) (mod p);
(ii) (m,n) # 0 (mod p) if and only if n <, m.

Over a field of characteristic p > 0 we have (T + 1)" = ['](T"i + 1)™i. Then (i)
follows by expanding the powers of T + 1 and equating coefficients of the powers of
T. Now (ii) follows from (i). ]

3.4.3. We next establish a result about polynomial 2-cocycles. If p > 0 we define

1
o(T,U) = Zp"'(p,i) TP-iy!,

p—
i=1

Notice that p~'(p, i) is an integer for i # 0, p.
Let F be a perfect field and assume that f € F[T, U] satisfies

fF(T+U,V) + f(T,U) = fWU+V,T) + fU,V). (6)
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In(6) T, U, V are indeterminates.
3.4.4. Lemma. (i) If p = O there is g € F[T] with

f(T,U) =g(T +U) —g(T) —g);

(i)) If p > O there is g € F[T] such that f(T,U) — g(T +U) +g(T) +gU) isa
linear combination | of polynomials cP';

(iii) If for p > O we have, moreover, ZISiSp—I f(T,iT) = O, then the polynomial |
of (ii) is O.

If f satisfies (6) the same is true for its homogeneous components. It follows that
we may assume f to be homogeneous of degree d. We use inductionond. Ifd =0
the assertion is trivial. So assume d > 0. Putting T = U = 0 in (6) we find that
f(V,0) =0. Putting U = V = 0 we obtain f(0, T) = 0. Write

d
f@TU)=)" aT'u*™
h=0

We have ¢y = ¢4 = 0. Equating coefficients of T*U*V/ in both sides of the equality
(6) we obtain

(h+i,h)cnyi +8j0cn = (i + |, j)Citj + SnoCj, @)
where h,i, j €N, h+i+ j =d. Forh =0or j = 0 we find from (7) that
Ch = Cd—h- (8)
Now assume O < 4, j < d. Then (7) and (8) imply
d—h, j)ech=(d— j,h);. 9
If p = 0 we can rewrite this as
(d, ew = (d, h)cj,

and (i) readily follows.
From now on suppose that p > 0. From (9) with j = 1 and (8) we obtain

hehy =(d —1,d — h)c,. (10)
First assume that d is prime to p. Put
ATU) = f(T,U) —d”'e;((T + U) = T* = UY).

It follows from (10) that %% = 0. Similarly %% = 0. Hence f; is a polynomial in 77
and U”. Since d is prime to p we have f; = 0, proving (ii) if p does not divide d.
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Now assume that p divides d and that ¢, # 0, with p not dividing 4. If p divides
J we have by 3.4.2 (ii) that p divides (d — j, h) and (9) shows that p must divide
(d —h, j). Ifd —h > p we have by 3.4.2 that (d — h, p) # 0 (mod p) and (9) with
j = p would lead to a contradiction. It follows thatd —h < p and by (8) also & < p.
We conclude that d = p. Now (10) implies that f is a multiple of c.

There remains the case that all & with ¢, # O are divisible by p. In that case f is
the p-th power of a polynomial that also satisfies (6) (here we use the perfectness of
F). Then (i) follows by induction. We have proved (ii).

(iii) follows from (ii), observing that 3, _,_, | ¢(T,iT) is a non-zero multiple of
TP, a

3.4.5. We need a multi-variable generalization of 3.4.4. We now consider polynomials
in 2n variables T = (Ty, ... , T,),U = (U,, ... ,U,). Write F[T, U] for the polyno-
mial algebra F[Ty,... ,T,, U, ... ,U,]. Definec, € F[T, U] to be c(T,, Uy), where
c is as before. Assume now that f € F[T, U] satisfies

f(T+U,V) + f(T,U) = f(U+V,T) + f(U,V). (11)
3.4.6. Lemma. (i) If p = O there is g € F[T] such that
f(T,U) =g(T +U) — g(T) — g(U);

(it) If p > O there is g € F[T] such that f(T,U) — g(T + U) + g(T) + g(U) equals
a linear combination | of powers c” ;

(iii) If for p > O we have, moreover, 3, _; p—1 J (T, iT) = O then the polynomial | of
(ii) equals 0.

(i) is proved as 3.4.4 (i), using a multi-variable binomial formula
(T+U)™ =) (m, )T"U™™"

We leave it to the reader to work out the details.

We deduce (ii) and (iii) from the corresponding assertions of 3.4.4 by a trick. If
G € F[T] let d(G) be the maximum of the degrees of G as a polynomial in one of the
individual variables T,. Let g be an integer > d(G). It follows from the properties of
g-adic expansions that T} T}2...T% > T@+%24+-a4""" defines a linear bijection of
the space of G € F[T] with d(G) < q onto the subspace of F[T] of polynomials of
degree < ¢". We denote this map by f — f. We have a similar map, sending poly-
nomials in two sets of variables T, U of degree < g in all the variables individually to
polynomials in two variables T, U, of degree < g" in both T and U.
Now let f be as in (11) and assume p > 0. Choose a p-power g that is strictly larger
thand(f). If G € F[T] withd(G) < q and H(T,U) = G(T + U) — G(T) — G(U),
then H(T,U) = G(T + U) — G(T) — G(U), as follows by using 3.4.2 (i). Also,
& = ¢? ', The polynomial f e F[T, U] satisfies (6). Apply 3.4.4 (ii) to f. The
polynomials whose existence is asserted in 3.4.4 (ii) have degree < ¢" and hence can
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be written in the form g and [, with polynomials g € F[T],! € F[T, U)]. These have
the properties of 3.4.6 (ii). In a similar manner, (iii) follows from 3.4.4 (iii). a

After these preparations we come to one of the main results of this section. The
ring R and the R-module A(G) are as before.

3.4.7. Theorem. The following properties of a linear algebraic group G are equiva-
lent :

(a) G is elementary unipotent;

(b) A(G) is an R-module of finite type. Its elements generate the algebra k[G;

(c) G is a vector group if p = 0 and a product of a vector group and a finite elemen-
tary abelian p-group if p > 0.

Recall that an elementary abelian p-group is a product of cyclic groups of order
p-

Assume that G is elementary unipotent and connected. By 2.4.12 we may assume
that G is a closed subgroup of some group U,, of upper triangular unipotent matrices.
Denote by f;; € k[G] the (i, j)-th matrix element function (1 <i < j < m). These
functions generate the algebra k[G]. We prove (b) for this case by induction on m.
The case m = 1 being trivial, we may assume that m > 1 and that (b) is known for
connected elementary subgroups of U, _;.

There are two homomorphisms of algebraic groups ¢y, ¢, : U, — U, the first
one being obtained by erasing the first row and column of a matrix and the second
one by erasing the last row and column. Then k[¢,G] is generated by the f;; with
i > 1and k[¢,G] by the f;; with j < m. Observing that an additive function for
¢, G or ¢,G is also one for G, we conclude from our induction assumption that there
are additive functions a, ... , a, € k[G] such that the f;; with (i, j) # (1, m) all lie
in the subalgebra k[ay, ..., a,]. Using 3.3.6 (ii) and 3.3.3 (iii) we see that we may
assume the ay, to be algebraically independent. By the multiplication rule of matrices
(using the notations of 3.4.5) there is f € k[T, U] such that for x, y € G we have

flm(x.V) - flm(x) - flm(.Y) = f(a|(X), co ,a,,(x), al(y)’ s ’an(.Y))~

It follows that f satisfies (11). If p > O the fact that the elements of G have or-
der dividing p implies the property of 3.4.6 (iii). We conclude that there exists
h € klay, ... ,a,] such that f,,, — h is an additive function. This shows that k[G]
is generated by a finite number of additive functions, which can be taken to be alge-
braically independent. Then G is a vector group (check this). We have established the
implications (@) = (b) and (b) = (c), if G is connected.

Now let G be an arbitrary elementary unipotent group. If p > 0 choose an element
in each coset of the identity component G°. These representatives form an elementary
abelian p-group A and it is immediate that G is the direct product of A and the vector
group G°. This proves (c). The verification of (b) is left to the reader.

If p = 0, G does not contain any elements of finite order > 1. On the other hand,



3.4. Elementary unipotent groups 55

it follows from the fact that G° is a vector group that each coset of G is represented
by an element of finite order. This can only be if G is connected. We have proved (b)
and (¢) in this case.

Since the implication (c¢) = (a) is obvious the proof of 3.4.6 is complete. o

3.4.8. Corollary. Let G be an F-group. Then G is elementary unipotent if and
only if one of the following equivalent conditions holds :

(a) A(G)(F) generates F[G];

(b) G is F-isomorphic to a closed F-subgroup of some G/,

Here A(G)(F) is as in 3.3.1. (a) follows from 3.4.7 (b), using that an additive
function in k[G] is a linear combination of additive functions in F[G]. To see this,
observe that f € k[G] is additive if andonly if Af = f® 14+ 1® f, where A
denotes comultiplication (2.1.2). This shows that A(G) is the kernel of a linear map
k[G] — k[G] ® k[G] which is defined over F. It then has a basis in F[G].

We skip the proof of the equivalence of (a) and (b). O

When F is perfect a connected elementary unipotent F-group is F-isomorphic to
some G7, but this is not generally true (see 3.4.10 (3), (4)). We shall return to these
matters in 14.3.

We can now deal with the classification of connected one dimensional groups.

3.4.9. Theorem. Let G be a connected linear algebraic group of dimension one.
Then G is isomorphic to either G, or G,

We have already seen in 3.1.3 that G is commutative and either consists of semi-
simple elements or is elementary unipotent. In the first case G is diagonalizable by
2.4.2 (ii), and then 3.2.7 (ii) gives that G ~ G,,. In the second case 3.4.7 (c) implies
that G ~ G,. O

3.4.10. Exercises. F is a subfield of k.

(1) Let R = R(k) be as in 3.3.1. Elementary unipotent groups over k form a category,
which is anti-equivalent to the category of left R-modules of finite type. (For further
results along these lines see 14.3.6).

(2) (p > 0) Let ¢ be as in 3.4.3. Define a structure of algebraic group on k? with
product

X, Y)=@+x,y+y +clx,x)) (x,x',y,y €k).

This group is connected, unipotent, commutative, of dimension two. Show that it is
not isomorphic to G2.
(3) Assume F to be perfect and let G be a connected elementary unipotent F-group
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that is F-isomorphic to a closed subgroup of a triangular unipotent group U,,. Then
G is F-isomorphic to some G]. (Remark: the triangulizability condition is redundant,
see 14.1.2).

(4) F is a non-perfect field of characteristic panda € F — FP. Then G = {(x, y) €
G2 | xP — x = ay”} is an F-group isomorphic to G, which is not F-isomorphic to
G, (Hint: use 2.1.5 (5)).

Notes

3.1.1 is due to Kolchin [Kol2, §3]. The name ‘torus’ for a connected diagonaliz-
able group was coined by Borel in [Bol]. He realized the important role played by
these groups, similar to the role played by compact tori in the theory of compact Lie
groups.

3.2 contains standard results on tori. The proof of the rigidity theorem 3.2.8 gives
a stronger result: the affine variety V of the statement of that result may be replaced
by any connected scheme over k. This implies that a diagonalizable group has no
‘infinitesimal automorphisms.’

The theory of elementary unipotent groups bears some resemblance to the theory
of tori, the character group being replaced by the R(k)-module A of 3.3.1. The use
of the ring R(k) seems to go back to [DG, Ch. 1V, 3.6]. In [loc. cit., Ch. V, 3.4]
one finds more general results, for arbitrary commutative unipotent groups. These are
described by ‘Dieudonné modules.’

One of the main results of this chapter is the classification theorem 3.4.9. The first
published proof seems to be the one given by Grothendieck in [Ch4, Exp. 7]. In [Bo3,
Ch. 1III, §10] a proof is given that uses the fact that an irreducible smooth projective
curve with an infinite group of automorphisms fixing a point is isomorphic to P'.
The proof given here is more elementary. We use the classification of elementary
unipotent groups. We also need the result on polynomial cocycles of 3.4.4 (due to
M. Lazard [Laz, lemme 3]). Another proof of the classification theorem (also using
additive polynomials) can be found in [Hul, no.20].



Chapter 4

Derivations, Differentials, Lie Algebras

We first discuss tangent spaces of algebraic varieties and related algebraic matters. In
the second part of the chapter, Lie algebras of linear algebraic groups are introduced
and their basic properties are established.

4.1. Derivations and tangent spaces

4.1.1. We recall the definition of a derivation. Let R be a commutative ring, A an
R-algebra and M a left A-module. An R-derivation of A in M is an R-linear map
D:A— Msuchthatfora,b e A

D(ab) =a.Db + b.Da.

It is immediate from the definitions that D1 = 0, whence D(r.1) =0 for all r € R.

The set Derg(A, M) of these derivations is a left A-module, the module struc-
ture being defined by (D + D')a = Da + D’a and (b.D)(a) = b.Da, if D, D’ €
Derg(A, M), a,b € A.

The elements of Derg (A, A) are the derivations of the R-algebra A. If¢ : A — B
is a homomorphism of R-algebras and N is a B-module, then N is an A-module in an
obvious way. If D € Derg(B, N) then D o ¢ is a derivation of A in N and the map
D +— D o ¢ defines a homomorphism of A-modules

¢o : Derr(B, N) — Derg(A, N),
whose kernel is Der, (B, N). Thus we obtain an exact sequence of A-modules
0 — Ders(B, N) = Derg(B, N) — Derg(A, N). (12)

4.1.2. Tangent spaces, heuristic introduction. We use the notations of the first chap-
ter. Let X be a closed subvariety of A”. We identify its algebra of regular functions
k[X] with k[Ty, ..., T,]/I, where I is the ideal of polynomial functions vanishing on
X. Assume that / is generated by the polynomials fi, ..., f;. Letx € X andlet L be
a line in A" through x. Its points can be written as x + tv, where v = (vy, ..., v,) is
a direction vector, ¢ running through k. The ¢-values of the points of the intersection
L N X are found by solving the set of equations

fix+tv) =0, 1 <i <s. (13)

Clearly, t = 0 is a solution.
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Let D; be partial derivation in k[T] with respect to T;. Then
fix+1v) =1 v;(D; f)(x) + (),
j=1
and we see that # = 0 is a ‘multiple root’ of the set of equations (13) if and only if
n
D vi(D;if)(x) =0, 1 i <s.
j=1

If this is so we call L a tangent line and v a tangent vector of X in x.

Write D’ = }%_, v; Dj, this is a k-derivation of k[T]. The last set of equations
then says that D’ f;(x) = 0 for 1 <i < 5. Denoting by M, the maximal ideal in k[T]
of functions vanishing at x, it follows that D’/ C M,. The linear map f +— (D’ f)(x)
factors through 7 and gives a linear map D : k[X] — k = k[X]/M,. Viewing k as a
k[X]-module &, via the homomorphism f +— f(x), we see that D is a k-derivation
of k[X] in k,.

Conversely, any element of Der (k[ X], k,) can be obtained in this manner from a
derivation D’ of k[T] with DI C M,. We conclude that there is a bijection of the set
of tangent vectors v, such that (13) has a ‘multiple root’ ¢t = 0, onto Dery (k[X], k).

4.1.3. Tangent spaces. The heuristic description of tangent vectors of 4.1.2 sug-
gests a formal definition of the tangent spaces of an algebraic variety. First let X be an
affine variety. If x € X we define the tangent space T, X of X at x to be the k-vector
space Dery (k[ X], k, ), where k, is asin4.1.2. Let ¢ : X — Y be a morphism of affine
varieties with corresponding algebra homomorphism ¢* : k[Y] — k[X] (1.4.7). The
induced linear map ¢; (see 4.1.1) is a linear map of tangent spaces

do, : T X — Ty Y,

the differential of ¢ at x, or the tangent map at x.
If  : Y — Z is another morphism of affine varieties then we have the chain rule

d(Y o p)x =drgx 0dey.

If ¢ is an isomorphism then so is d¢, and the differential of an identity morphism
is an identity map.

We give two alternative descriptions of the tangent space T, X. Let M, C k[X] be
the maximal ideal of functions vanishing in x. If D € T, X then D maps the elements
of M f to 0. Hence D defines a linear function A(D) : M,/ Mf — k.

4.1.4. Lemma. A is an isomorphism of T, X onto the dual of M,/ M?.
Let / be a linear function on M, /Mf. Define a linear map p(!) : k[X] — k by

u)f=I(f-fx)+ Mf). Then n(l) € T, X, and u is the inverse of A. We skip the
easy proof. )
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Another description of the tangent space uses the ring O, of functions regular in x
(see 1.4.3). It is a k-algebra which has a unique maximal ideal M, consisting of the
functions vanishing in x (1.4.4 (1)) and O,/ M, =~ k. We view k as an O,-module.
There is an obvious algebra homomorphism « : k[X] — O,, inducing a linear map
ap : Derg (O, k) — Derg(k[X], k,).

4.1.5. Lemma. « is bijective.

We have a linear map B : Dery(k[X], k,) — Deri(O,, k), which comes from
the formula for differentiating a quotient. Let f € O, and let g, A € k[X] be such
that £(x) # O and that hf — g vanishes in a neighborhood of x (see 1.4.1). If D €
Der, (k[ X1, k) then

(BD)f = h(x)"*(h(x)Dg — g(x)Dh)

defines an element of Der(O,, k) and it is immediate that «y and B are inverses. O

4.1.6. Lemma. Let ¢ be an isomorphism of X onto an affine open subvariety of
Y. Then d¢, is an isomorphism of T, X onto T,,Y .

¢ induces an isomorphism Oy 4, =~ Oy ,. The assertion follows from the previ-
ous lemma (check the details). O

4.1.7. We can now define the tangent space in a point x of an arbitrary algebraic
variety X (see 1.6). It follows from 4.1.6 that if U and V are open affine neighbor-
hoods of x in X with V C U there is a canonical identification T,U =~ T,V. This
allows us to define the tangent space T, X to be T, U, for U as above. The formal
definition is

T, X = limproj T, U,

a projective limit relative to the set of open affine neigborhoods of x, ordered by
inclusion.
It is clear how to define for a morphism of varieties ¢ : X — Y the tangent map

do, : T. X — Ty,Y.

We say that x is a simple point of X, or that X is smooth in x or that X is non-singular
in x if dim7, X = dim X (the dimension of X, defined in 1.8.1). X is smooth or
non-singular if all its points are simple.

4.1.8. Let X be an F-variety, where F is a subfield of k and let x € X (F) (1.6.14).
First assume that X is an affine F-variety. The point x defines an algebra homomor-
phism F[X] — F, which makes F into an F[X]-module F;. Define

T; X (F) = Derp(F[X], Fy);
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this is a vector space over F. We have a canonical isomorphism
k@r T, X(F)~T.X.

We call T, X (F) the space of F-rational points of 7, X and we view it as an F-
subspace of T,. If ¢ is a morphism of affine F-varieties then for x € X(F) the
tangent map d¢, maps T, X (F) to Ty, Y (F). If X is an arbitrary F-variety, the defi-
nition of T X (F) is similar to that of T, X, given in 4.1.7.

4.1.9. Exercises. (1) Using 4.1.4, describe T, X in the following cases:

(a) X is a point,

(b) X = A",

(c) X ={(a, b) € A% | a<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>